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ULTRA EXPONENT MATRICES

The paper studies ultra exponent matrices, that is, reduced ex-
ponent matrices for which the usual triangle inequality is strength-
ened to an ultrametric-type inequality. It is proved that every ultra
exponent matrix is an exponent matrix, and that every exponent
matrix whose entries belong to {0, 1} is an ultra exponent matrix.
The behaviour of ultra matrices under elementary transformations
is analysed: transformations of the first type do not preserve the ul-
tra property in general, while simultaneous permutations of rows
and columns do preserve it. It is shown that a quiver obtained from
a reduced ultra exponent matrix with at least one entry greater than
one is not rigid. A counterexample demonstrates that not every
admissible quiver with a loop at every vertex can be represented by
an ultra exponent matrix. Several structural characterizations are
also established, including monotone deformations preserving the
associated quiver, a filtration description in terms of transitive
threshold relations, a connection between 0-1 ultra matrices and
partial orders, a minimax interpretation, and closure under compo-
nentwise maximum. From the viewpoint of mathematical model-
ling, ultra exponent matrices may be interpreted as discrete di-
rected distance models with bottleneck-type constraints, where the
value assigned to a transition is determined by the strongest re-
striction along admissible paths rather than by an additive cost.
This makes them useful for modelling hierarchical systems, priori-
ty relations, minimax optimization, constrained network flows,
clustering-like structures, and algebraic or combinatorial systems
whose essential information is encoded by admissible weighted
quivers. The obtained results provide tools for comparing such
models and for reducing redundant representations without losing
the underlying directed structure.
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Introduction. One important aspect of ring theory is the study of
properties of rings by means of graph-theoretic methods. Every tiled order
over a discrete valuation ring is completely determined by its exponent
matrix and by the discrete valuation ring itself [1]. Many structural proper-
ties of such orders are determined by their exponent matrices, in particular
by the corresponding quivers [1-3].

Exponent matrices have relatively recently become an independent ob-
ject of study. In [4-8], admissible quivers, rigid quivers, unit cycles, unit quiv-
ers, and weight functions defining admissible quivers were investigated. The
introduction of weight functions made it possible to formulate properties of
exponent matrices in the language of weighted directed graphs.

In this paper we study ultra exponent matrices. Their main feature is
that they satisfy not only the usual triangle inequality

aij +ajk > Qi
but also the stronger ultrametric-type inequality
max { e, aj | > cty.

Throughout the paper, as is customary for exponent matrices of tiled or-
ders, the entries of exponent matrices are assumed to be nonnegative integers.

From the viewpoint of mathematical modelling, an ultra exponent
matrix can be regarded as an integer-valued directed distance table in
which the distance from one vertex to another is controlled by the largest
restriction on intermediate paths. Such a model is useful when a dominant
transition cost, bottleneck constraint, hierarchy level, or priority relation is
more significant than the sum of local costs. Therefore, ultra matrices may
be applied to discrete network models, minimax optimization, clustering-
type structures, and algebraic models in which admissible directed graphs
encode essential structural constraints.

Basic definitions.
Definition 1.1 [1, p. 353]. A matrix
€ =(a) e My (Zso)
is called an exponent matrix if the following conditions hold:
a“ +(ZJk > O(Ik fOI’ a" i, j,k :].,...,n,
a; =0foralli=1...,n

An exponent matrix is called reduced if, in addition, the following

condition holds:

o +aj =1foralli, j e{l,...,n}, i# .
Let &= (aij) be a reduced exponent matrix. Introduce the matrix
eY = () =E+E, eM,(2),
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where E, is the identity matrix. Also introduce the matrix
e = (7ij ) eM,(Z), y;; = min (ﬂik + By )

1<k<n
Definition 1.2 [1, p. 357]. The quiver of a reduced exponent matrix £ is
the quiver Q =Q (5 ) whose adjacency matrix is defined by the formula

[Q] — @ _gl)

Definition 1.3 [1]. Reduced exponent matrices & and &, are called

equivalent if one of them can be obtained from the other by a finite se-
guence of elementary transformations of the following two types:

1) subtract an integer t from all entries of the i -th row and add the same
integer t to all entries of the i -th column;

2) interchange two rows and simultaneously interchange the two columns
with the same numbers.

Definition 1.4 [1, p. 357]. A quiver Q is called admissible if there
exists a reduced exponent matrix £ such that
Q(&)=Q.
Definition 1.5. A quiver Q = (Vq, A, ) is called weighted if a function
o Py >Z
is defined on the set of its arrows. The function o is called a weight func-

tion, and its value on an arrow is called the weight of this arrow. The sum
of the weights of all arrows along a path is called the weight of this path.

Theorem 1 [4]. A strongly connected quiver Q =(Vq, Ay ) is admis-

sible if and only if there exists a weight function o satisfying the follow-
ing conditions:
1) the weight of an arrow from vertex i to vertex j is smaller than the
weight of any path from i to j of length 1 >2;
2) the weight of a loop at vertex i is smaller than the weight of any cycle
of length |1 > 2 passing through vertex i ;
3) the weight of every cycle is greater than or equal to 1;
4) the weight of every loop is equal to 1;
5) through every vertex without a loop there passes a cycle of length
| > 2 whose weight is equal to 1.
Remark 1.1. Conditions (4) and (5) imply that through every vertex
of an admissible quiver there passes a cycle of weight 1.
Definition 1.6. A weight function satisfying all conditions of Theo-
rem 1 is called an admissible weight function.
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Construction. Suppose that a quiver Q and an admissible weight
function @ are given. Then one can construct an exponent matrix

€ =(a;) as follows: if the quiver Q contains an arrow oy, then

o = ooy );
if such an arrow does not exist, then «;; is defined as the weight of a lightest,
that is, a minimum-weight, path from the vertex v; to the vertex v;.

Definition 1.7. A simple cycle in an admissible quiver whose weight
is equal to 1 is called a unit cycle.

Definition 1.8 [6]. An admissible quiver Q is called rigid if there ex-
ists, up to equivalence, a unique reduced exponent matrix £ such that
Q(&)=Q.
Main results.

Definition 2.1. A matrix & =(c; ) € M, (Zs) is called an ultra ex-
ponent matrix if the following conditions hold:
max {ay;, | > o foralli, j,k=1,...,n,

a; =0foralli=1...,n
If, in addition, the condition
o +aj >1foralli, je{l...n},i#j
holds, then £ is called a reduced ultra exponent matrix. In what fol-
lows, unless otherwise stated, an ultra exponent matrix means a reduced
ultra exponent matrix.

Proposition 2.1. Every ultra exponent matrix is an exponent matrix.
Proof. Let €= (aij) be an ultra exponent matrix. By definition,
max{aij 1O } 2
for all i, j,k. Since all entries of the matrix are nonnegative, we have

aij +0!jk Zmax{aij,ajk}.

Therefore,
ajj + A 2 Qi -

Moreover, by the definition of an ultra matrix, ¢;; =0 forall i. Thus
& satisfies all conditions in the definition of an exponent matrix. The
proposition is proved.

Proposition 2.2. An exponent matrix with entries 0 and 1 is an ul-
tra exponent matrix.
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Proof. Let €= (aij) be an exponent matrix, and suppose that all its en-
tries belong to the set {0,1} . We must prove that, for all i, j,k , the inequality
max{aij i } 2 Qi
holds. If o5 =0, the inequality is obvious. Let ¢ =1. Since £ is an

exponent matrix, we have
g

Because o, €{0,1}, this inequality implies that at least one of

the two entries «;; and «aj isequal to 1. Hence

maX{a”,aJk} :1:aik.
Thus the ultrametric inequality holds for all i, j,k . The proposition

is proved.

Proposition 2.3. An elementary transformation of the first type does
not, in general, preserve the property of being an ultra matrix, whereas an
elementary transformation of the second type preserves this property.

Proof. First we show that a transformation of the second type pre-
serves the property of being an ultra matrix. Such a transformation only
simultaneously permutes rows and columns with the same numbers; that
is, it simply renumbers the vertices. If the inequality

maX{aU ’ajk } > i
held for the original matrix, then after a simultaneous permutation of rows
and columns the same inequality holds for the correspondingly renum-
bered indices. Hence a transformation of the second type preserves the
property of being an ultra matrix.
Now we show that a transformation of the first type does not pre-
serve this property in general. Consider the ultra matrix

00O
E=|1 0 0]
2 20

It is a reduced ultra exponent matrix. Perform an elementary trans-
formation of the first type for the first row and the first column with pa-
rameter t=-1, that is, add 1 to all entries of the first row and subtract 1
from all entries of the first column. We obtain the matrix

011
=10 0 0|
1 20
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The matrix &£ is no longer an ultra matrix. Indeed, for the indices
i=3, j=1, k=2 we have
maX{Ol'3l, allz} =Mmax {1,1} :1< 2 = 0('32.
Thus the ultrametric inequality is violated. The proposition is
proved.

Proposition 2.4. If all off-diagonal entries of a reduced ultra expo-
nent matrix are positive, then the quiver obtained from it is a complete
quiver with a loop at every vertex.

Proof. Let & = (aij ) be a reduced ultra exponent matrix and suppose that
o >0 forall i j.
We show that, for every pair of distinct vertices i and k, the quiver
Q(&) contains an arrow i —>k-.
For i =k , the arrow i — Kk is absent if and only if there exists an in-
dex je{i,k} such that
O!ik =0(ij +ajk.
However, all off-diagonal entries are positive, so
aij +0(jk > maX{aij,ajk}.
On the other hand, the ultra inequality gives
[247% < maX{Ot” ,ajk }

Therefore, the equality oy = +aj is impossible. Hence the ar-
row i —k exists forall i =k .

Moreover, for each i and each j=i we have o;; >0 and «; >0,
and hence

aij +aji >2.

This means that the quiver has a loop at every vertex. Therefore the
quiver is complete and has a loop at every vertex. The proposition is proved.

We shall use the following auxiliary lemma in the proof of the main
theorem.

Lemma 2.5. Let €= (aij) be a reduced ultra exponent matrix. De-
fine the function
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and define the matrix € =(&;) by
Gj = go(aij )
Then £ is a reduced ultra exponent matrix and
Q(€)=Q(é).

Proof. Since ¢(0)=0, we have &; =0 forall i . The function ¢ is
strictly increasing on the set of nonnegative integers. Therefore, from the
inequality

Qi < max{aij ,ajk}
we obtain
ay = (o) < go(max{aij Ak }) = max{go(aij ),(p(ajk )} = max{o?ij N }

Hence £ is an ultra matrix. Reducedness is also preserved: if i# j,
then the inequality oj; +cj; =1 implies that at least one of the entries ¢;
and «j; is positive; therefore at least one of the entries &;; and &;; is also
positive, and hence

& +aj =1,

It remains to prove that the quivers Q(€) and Q(é) coincide.

For i#k , thearrow i —k isabsentin Q(&) if and only if there ex-
ists an index j & {i,k} such that
Qi :aij +0.’jk.
We prove that this equality is preserved after applying the function
@ . Suppose that
[241% :aij +ajk'
Since the matrix £ is ultra, we have
Qj < max{aij,ajk}.
For nonnegative numbers, however, one always has

aij +aik Zmax{aij,ajk}.

Therefore the equality o = +aj can hold only when one of the

two summands «;; and aj is zero and the other is equal to ¢, . Hence,
after applying ¢, we again have
&ik =0~l“ +d]k
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Conversely, if
Ay = O + A,
then the ultra inequality for the matrix £ implies that
&y < max{d;, @ |-
Since the left-hand side is the sum of two nonnegative numbers, this is

possible only when one of the summands ¢;; and &, is zero. By injectivity

of ¢ on Z.,, we obtain the corresponding equality for the original entries:
Thus, for all ik , the absence or presence of the arrow i — Kk is the

same in Q(&) andin Q(€).
For loops we argue as follows: a loop at the vertex i is absent if and
only if there exists j =i such that

aij +aji =1.

The function ¢ does not change the values 0 and 1, so the equality

@ +aj; =1 holds if and only if

ij
Therefore loops are also preserved. Consequently,

Q(€)=Q(é).
The lemma is proved.

Theorem 2. A quiver obtained from an ultra matrix having at least
one entry greater than one is not rigid.

Proof. Let & :(aij) be a reduced ultra exponent matrix, and sup-

pose that there exists at least one entry «p, >1. Construct the matrix é
by the rule of Lemma 2.5:

ay = ¢(ay),
where
0, x=0,
p(x)=41, x=1,
X+1, Xx=>2.

By Lemma 2.5, the matrix £ is a reduced ultra exponent matrix and
gives the same quiver:
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We show that the matrices £ and £ are not equivalent. Consider the
sum of all entries of a matrix

nn
S(€)=Y>
i=1j=1
An elementary transformation of the first type does not change this
sum: if a number t is subtracted from the i -th row, the total sum decreas-
es by nt; if the same number t is added to the i -th column, the total sum
increases by nt. Thus the total change is zero. An elementary transfor-

mation of the second type merely permutes the entries of the matrix and
therefore also preserves their total sum.

Hence S(&) is an invariant of equivalence of reduced exponent ma-
trices.
Since the matrix £ contains an entry Apg >1, when passing to &

this entry increases by 1. All other entries either remain unchanged or also
increase by 1 if they are greater than 1. Therefore

s$(£)>s(¢).
It follows that £ and € cannot be equivalent. Thus the same quiver
Q(S) is obtained from at least two nonequivalent reduced exponent matrices,

namely £ and £ . Therefore this quiver is not rigid. The theorem is proved.

The following result shows that the assertion that every admissible
quiver with a loop at every vertex can be obtained from an ultra matrix is
false in general.

Theorem 3. There exists an admissible quiver with a loop at every
vertex that cannot be obtained from any ultra exponent matrix.

Proof. Consider the quiver Q with the set of vertices

VQ:{L2,3,4}
and the adjacency matrix
1100
111 0
[Q]= 0111
0011

This quiver has a loop at every vertex. Moreover, it contains the ar-
rows

12,23 364,
and contains no other non-loop arrows.
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First we show that Q is admissible. Define a weight function @ by

assigning weight 1 to every arrow, including the loops:
w(o)=1for every arrow o € A,.

Then the weight of any path of length | is equal to | . In particular, the
weight of every arrow is equal to 1 and is smaller than the weight of any path
of length 1>2. The weight of every loop is also equal to 1 and is smaller
than the weight of any cycle of length | >2. The weight of every cycle is
greater than or equal to 1, and the weight of every loop is equal to 1. Since

every vertex has a loop, the condition concerning vertices without loops is
satisfied automatically. By Theorem 1, the quiver Q is admissible.

Now we prove that Q cannot be obtained from an ultra matrix. Sup-
pose, to the contrary, that there exists a reduced ultra exponent matrix

€ =(ay)

Q(&)=Q.
Denote the weights of the arrows along the path 1—2—>3—4 by
=y, b=ay, C=ay,
and the weights of the arrows in the opposite direction by
A=ay, b =0, C'=ay.
Since the quiver Q has no arrow 1— 4, while the only simple di-
rected path from vertex 1 to vertex 4 is
152534

the corresponding matrix entry must be equal to the weight of the lightest
path from 1 to 4 :

such that

oy =a+b+c.
On the other hand, since £ is an ultra matrix, we successively obtain
o3 <max{a,b},
and also
g4 < Max{a,c} <max{a,b,c}.
Hence

a+b+c=0, <max{a,b,c}.
But a,b,c are nonnegative integers, so always
a+b+c>max{a,b,c}.
Thus
a+b+c=max{a,b,c}.
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This is possible only if at least two of the numbers a,b,c are equal
to zero.
Analogously, since Q has no arrow 4 —1, while the only simple di-
rected path from 4 to 1 is
453521
we obtain
oy =C+b'+a.
The ultra inequality implies
o, <max{c,ba’}.
Therefore at least two of the numbers a',b',c' are equal to zero.
Consequently, among the three pairs
(a,a), (b,b), (c,c)
there is at least one pair in which both entries are equal to zero. Indeed,
among a,b,c there are at least two zeros, and among a',b',c' there are

also at least two zeros; therefore, for some adjacent pair of vertices, we
simultaneously have

This contradicts the reducedness of the matrix, since for i= j one

must have

Thus the assumption that there exists an ultra matrix £ with
Q(é‘) =Q is false. Therefore there exists an admissible quiver with a loop

at every vertex that cannot be obtained from an ultra exponent matrix. The
theorem is proved.

Additional structural properties of ultra matrices. In this section
we present several additional results that clarify the internal structure of
ultra exponent matrices and show that they can be described not only by
an ultrametric-type inequality, but also by transitive relations, minimax
operations, and monotone deformations of values.

o

Theorem 4.1. Let € = (aij ) €M, (Zs) be a reduced ultra exponent

matrix. Let
f:Zy9 > Zsy
be a strictly increasing function such that
f(0)=0, f(1)=1.

F(&)=(f(ey))

Construct the matrix
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Then f (&) isareduced ultra exponent matrix and
Q(f(£))=Q(é).
Proof. Since £ is an ultra matrix, for all i, j,k we have
Ay < max{aij 1 }
The function f is strictly increasing, hence
f (aik ) < f (max{a” ,ajk })
Since f isincreasing, we have

f (max{aij,ajk}) = max{f (aij), f (ajk )}

Therefore,

f (o) < max{f (aij ), f (ajk )}

This means that the matrix f (5) satisfies the ultrametric inequality.
Moreover, since ¢;; =0 and f (0)=0, we have

f (aii ) =0
forall i.Hence f (8) is an ultra matrix.
Let us verify reducedness. For i = j, we have
o +aji 21

Since the entries are nonnegative, at least one of the entries «;; and «j;
is not less than 1. By strict monotonicity of f and the equality f (1)=1, the
corresponding entry after applying f is also not less than 1. Therefore

f (aij)+ f (aji)zl.

Thus f (8) is a reduced ultra exponent matrix.

It remains to prove that the quiver does not change. For distinct i
and k, the arrow i —k is absent in Q(&) if and only if there exists an
index j & {i,k} such that

Oy = Otjj + -

In the case of an ultra matrix, such an equality is possible only when
one of the summands «;; and « is zero. Indeed, if both summands are
positive, then

a“ +ajk > maX{a”,aJk},
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whereas the ultra inequality gives
[241% < maX{a” ,ajk},

which contradicts the equality o = ¢ +aj . Hence, if such an equality

holds, one summand is zero and the other is equal to ¢ . Since f (0)=0,
after applying f we obtain
f oy )=f (aij)+ f (ajk).
Conversely, if
fay)="f (aij)"‘ f (O‘jk)’
then, applying the already proved ultra inequality to the matrix f (&), we
again obtain that one summand on the right-hand side is zero. Because
f(0)=0 and f is strictly increasing, the corresponding original sum-
mand is also zero. Thus the decomposition equality for £ and for f (6’)
holds simultaneously.
Hence all non-loop arrows in the quivers Q(€) and Q( f (£)) coincide.

For loops the preservation is analogous. A loop at vertex i is absent
if and only if there exists j =i such that

aij +Otji =1.

Since f(0)=0, f(1)=1, and strict monotonicity implies f(x)>1
for x>2, an equality with sum 1 is preserved if and only if it held before
applying f . Thus loops are also preserved. Therefore

Q(f(£))=Q(é).
The theorem is proved.

Remark 4.2. Lemma 2.5 is a special case of Theorem 4.1 for the
function

0, x=0,
f(x)=41, X =1,
Xx+1, x=>2.

This special case is used in the proof of non-rigidity of quivers ob-
tained from ultra matrices having at least one entry greater than one.

Theorem 4.3. Let & :(aij ) €M, (Z,) be a matrix with zero main
diagonal. For each integer r>0, define a relation R, on the set
{L2,...,n} by
84



ISSN 2308-5878. Mathematical and computer modelling.
Series: Physical and mathematical sciences. 2026. Issue 30. P. 72-90.

IR jea<r.

Then £ is an ultra exponent matrix if and only if, for every r >0,
the relation R, is transitive.

Proof. Suppose first that £ is an ultra matrix. Assume that iR, j and

JR.k . This means that
i <r, Ak <r.
Then
max { e, e <.
By the ultra inequality,
aj < max{aij 1 Xk } <r.

Hence iR.k. Thus R, is transitive for every r >0.

Conversely, suppose that for every r >0 the relation R, is transi-
tive. Take arbitrary indices i, j,k and put

r = max {e;, o |.
Then
o <r, A <r,
thatis, iR j and jR.k. By transitivity of R, we have iRk, that is,
oy <r= max{aij,ajk}.

This is precisely the ultra inequality. Therefore £ is an ultra matrix.
The theorem is proved.

Corollary 4.4. If € =(a;) is a reduced ultra exponent matrix, then
the relation < onthe set {1,2,...,n} defined by

iI<jeo;=0
is a partial order.

Proof. Reflexivity follows from the equality o; =0. Transitivity fol-
lows from Theorem 4.3 for r=0:if ¢;; =0 and «; =0, then ¢, =0.
Let us verify antisymmetry. If for i = j the equalities

ajj = 0, ajj =0
held simultaneously, then

aij +(Zji :0,

which contradicts the reducedness of the matrix. Hence < is a partial
order. The corollary is proved.
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Corollary 4.5. Reduced ultra exponent matrices with entries 0 and 1
are in one-to-one correspondence with partial orders on the set {1, 2,..., n} .

More precisely, if a partial order < is given on the set {1,2,...,n},
then the corresponding matrix is defined by

0, i<j,
a--:
i1 i

Proof. Let £ be areduced 0,1-ultra matrix. By Corollary 4.4, the re-
lation
i < J = aij =0
is a partial order.
Conversely, suppose that a partial order < is given on the set

{L 2,...,n} and that the matrix &€ = (aij) is defined by the formula above.
Clearly, ¢;; =0 forall i.If ¢ =0, then the ultra inequality

Ay < max{aij ,ajk}
holds automatically. Let o =1. This means that i £ k. If both ¢; =0
and aj =0, then we would have i< j and j<k, whence, by transitivi-

ty, i <k. This contradicts the condition ¢ =1. Therefore at least one of
the entries «;; and «, is equal to 1, and hence

max {a;, | =1,

so the ultra inequality holds.

Reducedness also holds. If i j, then by antisymmetry of the partial
order the relations i< j and j<i cannot hold simultaneously. Therefore
the two entries ¢;; and «;; cannot both be equal to zero. Hence

o +aj 21

The corollary is proved.

Theorem 4.6. For matrices A=(a;) and B =(b; ) with nonnega-
tive entries, define the minimax operation

(A©B); = min max {ay, b }.
Let & =(a;j)eM,(Zso) be amatrix with zero main diagonal. Then
& is an ultra exponent matrix if and only if
EOQE=E.
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Proof. Let £ be an ultra matrix. Then for all i, j,k we have
o < max{ e, o |-
Therefore,

a:; < min max{ -,a~}.
= ck<n ik kj

On the other hand, if we take k =i, then

max{a,,, i = max{Oa} .

Thus

min max{ a }<a
1<k<n Ik kJ IJ

Combining the two inequalities, we obtain

1I’<T?(I<nn max {alk akj } = aij .
Hence £0&=¢.
Conversely, suppose that E©E =& . Then for all i, j we have
o —lr;n|<n max{ iy akj}.
It follows that, for every k,
o < max{aik,akj}.

This is exactly the ultra inequality. Therefore £ is an ultra matrix.
The theorem is proved.

Corollary 4.7. Let A = (aij) be an ultra exponent matrix. For any dis-

tinct vertices i and j, the entry ajj is equal to the corresponding minimax
directed distance:

@ = min max ¢,
Pii—j(u,v)eP

where the minimum is taken over all directed paths from i to j in the com-
plete directed graph on the vertex set, and the weight of an edge (u, v) is
the matrix entry ow.

Proof. The inequality

min max e, < ;;
Pi—j(uyv)eP

follows from the fact that among all paths there is a path of length 1 going
directly from i to j.

We prove the opposite inequality. Let
Pii=ipg > —>—i, =]
be an arbitrary path. Applying the ultra inequality successively, we obtain

aij < max {aiuil ,ailiz yoo .,O!imim }

uv?

U]
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Thus «;; does not exceed the maximum weight of an edge on any
path from i to j. Therefore «; does not exceed the minimum of such

maxima over all paths. Together with the previous inequality, this gives
the required equality. The corollary is proved.

Theorem 4.8. Let € =(e; ) and F =(;) be ultra exponent matri-
ces of the same size. Define the matrix H = (hij ) by

Then H is also an ultra exponent matrix.

Proof. Since £ and F are ultra matrices, for all i, j,k we have

|k—max{ jk}l ﬁiksmax{ﬂij'ﬂjk}-

Then
hy = max {ay, By | < maX{‘Zij i By 1ﬂjk}'
But
max {ay, fy | =y, max (e By | =y
Therefore,
hy < max {hy;,hy, }.
Moreover,

hi = max{e, G} =0
Let us also verify reducedness. For i = j we have
hy +hji > aji 21,

because &£ is a reduced exponent matrlx. Hence H is a reduced ultra ex-
ponent matrix. The theorem is proved.

Conclusions. The paper investigates ultra exponent matrices, that is, ma-
trices for which the usual triangle inequality is strengthened to an ultrametric
inequality. It is proved that every ultra exponent matrix is an exponent matrix,
and that every exponent matrix with entries 0 and 1 is an ultra matrix.

It is shown that elementary transformations of the first type do not pre-
serve the property of being an ultra matrix in general, whereas elementary
transformations of the second type preserve it. It is proved that a quiver ob-
tained from an ultra matrix having at least one entry greater than 1 is not rigid.

It is also established that not every admissible quiver with a loop at
every vertex can be obtained from an ultra exponent matrix. This shows
that the class of quivers corresponding to ultra exponent matrices is a
proper subclass of the class of admissible quivers with loops at all vertices.
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In addition, several structural characterizations of ultra matrices are
obtained. In particular, it is proved that monotone deformations of values
preserving 0 and 1 do not change the quiver of an ultra matrix. A filtra-
tion characterization of ultra matrices in terms of transitivity of the rela-
tions R, is established; the partial order generated by zero entries of a

reduced ultra matrix is described; and a classification of reduced 0,1-ultra

matrices in terms of partial orders is obtained. Furthermore, minimax
idempotency of ultra matrices and the closure of their class under compo-
nentwise maximum are proved.
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YNbTPA MATPULI NOKA3HUKIB

VY cTarTi JOCHIIKEHO yIbTpa MaTpHIli MMOKa3HHUKIB, TOOTO 3Be/IeH] Ma-
TPUII MOKA3HUKIB, [UIS SIKMX 3BUYaiHa TPUKYTHUKOBA HEPIBHICTH HOCHIIIO-
€TBCSL 10 HEPIBHOCTI YIABTPAMETPHUYHOTO THITY. JJ0BEAEHO, 0 KOXKHA YIIb-
Tpa MaTpHII NOKa3HUKIB € MaTPHUIIEIO NTOKA3HHKIB, a KOXKHA MATpPHLs 110-
Ka3HUKIB 3 eneMeHTaMu 3 MHOKUHHU {0, 1} € yibTpa MaTpUIEIO0 MOKa3HH-
KkiB. [IpoaHasi30BaHO MOBEIIHKY TAKNX MaTPHIb BITHOCHO €IEMEHTapHUX
MIEPETBOPEHB: MEPETBOPEHHS IEPIIOrO TUILY 3arajioM He 30epirae yiabpTpa-
BJIACTHBICTh, TOJIi SIK OJIHOYACHA MIEPECTAaHOBKA PSKIB 1 CTOBMIIIB 11 30epi-
rae. [lokazaHo, 110 caraiiiak, ofepKaHui 3i 3BeICHOI YIbTpa MaTPHIIi 10-
Ka3HHUKIB, sIKa Ma€e Xxo4a O OJIMH €JICMCHT, OUTBIIHIA 32 OJJMHHUIIIO, HE € KOP-
cTkuM. HaBeneHo KOHTpIpHKIan, iKMW MOKa3ye, 110 HE KOXKHHUM Aomyc-
TUMHA caraiflak i3 meTyiero B KOXKHil BepIIUHI MOXe OyTH OfepKaHHi 3
YIIBTpPa MaTpPULli MOKa3HHUKIB. Tako)k BCTAHOBICHO HU3KY CTPYKTYPHHX Xa-
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PaKTEpPHCTHK: OMUCAHO MOHOTOHHI Aedopmarlii, SKi HE 3MIHIOIOThH BiJIO-
BiTHMH caraiinak, QinpTpamiiHy XapaKTepPHCTHKY 4epe3 TPaH3WUTHBHI I0-
pOroBi BigHOIICHHS, 3B's130K 0-1 ynpTpa MaTpuilh i3 YaCTKOBHMH MOPSI/I-
KaMH, MiHIMAKCHY 1HTEpIpPETALil0 Ta 3aMKHEHICTh KJIacy yJIbTpa MaTpHIb
BiTHOCHO MOKOMITOHEGHTHOTO MaKCHMyMY. 3 MOTJISIAY MaTeMaTHUYHOT'O MO-
MIEIIFOBAHHS yIBTPa MATPHUIll MOKA3HUKIB MOXHA PO3TIISIIATH SIK AUCKPETHI
MOJICNIi HANpSMJICHUX BiJCTaHedl 13 OOMEXEHHSIMH BY3bKOTO MICId, 1€
3HAUYCHHSI TIEPEXOy BU3HAYAETHCS HAWCHIIBHIIINM OOMEXKEHHSM Ha JIOMy-
CTHMUX IIDISIXaX, a He cyMapHO BapricTio. Ile mae 3Mory 3actocoByBaTu
iX 0 MOJENIOBaHHS 1€PAapXiYHUX CHCTEM, NMPIOPUTETHHX BiIHOLICHb, Mi-
HIMaKCHOI ONTUMi3allii, 0OMEXEHUX MEPEKEBHUX IMOTOKIB, KIACTEpU3aIlii-
HUX CTPYKTYp Ta anredpaiynnx abo KoMOIHATOPHUX Mojelel, iHpopmaris
SIKUX KOAYETHCS JIOMYCTHMUMH 3BRKCHUMH caraiijakamu. OpepaHi pe-
3yJIBTATH AAIOTh IHCTPYMEHTH AJIsL OPIBHSIHHS TaKUX MOJEJICH 1 yCyHeHHs
HAIJTMIIKOBUX TIPE/ICTABIICHb 0€3 BTPaTH HANPSIMICHOI CTPYKTYPH.

KoarodoBi ciioBa: mampuys nokaznuxie, 36edena mampuys nokasHu-
Ki8, 0onycmumuil cazaioak, yismpa Mampuysi NOKA3HUKI8, HCOPCMKULL ca-
2auoax, 8a208a QyHKYis, mamemamuyte MoOem08AHHS.
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