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7ni3 memody Haliweudwo2o cnycKy (SD) 8 kKoHmexkcmi onmumi- 4 KaHZL TEXH, HAYK
3ayii cyyacHux eHepzemu4Hux cucmem. [1onpu 3a3Ha4eHHA py-  hitps://orcid.org/0000-0003-3207-1156
HOameHmManbHoOi posi 8 meopii imepayiliHux anzopummis,
dosedeHo cymmesi obmexceHHA MHLL npu po3e’a3aHHi seau- % * HaujioHanbHUit TeXHIYHNIA yHiBepCUTET
KoMacwmabHuUX 3a0aY, AK-0mM eKoHOMiYHuUl po3nodin Hagak-  YKPAIHW "KUIBCOKMA NONITEXHIUHAWIA iHCTUTYT

M, . . imeHi Iropsa Cikopcbkoro", m. Kuis, YKkpaiHa
maxceHHA (ELD) ma onmumansHuli nomik nomyxcHocmi (AC-
OPF). Y po6omi demanbHo docnidxeHo mamemamuyni npu- IHCTUTYT BidHOBAI0BaHOI eHepreTukn HAH
YUHU Ub020 ABUWA: MOKA3AHO, W0 (hi3u4Ha eemepo2eHHicmb Ykpaikm, m. Kuis, Ykpaina
KoMnoHeHmie eHepaocucmemu (pi3Hi macwmabu imnedaHcie niHili ma xapakmepucmuk 2eHepayii) npuseo-
dume 0o noeaHoi 06ymossieHOCMi 2eciaHa yinbosoi pyHKil. Bucoke 4ucao obymosnaeHocmi (k) crnpudyuHse
«3U23a20no0ibHy» mpaekmopito 36ixHOCMI, Wo pobumb memoo obmexceHo NpudamHum 05 onepamus-
HO020 ynpassiHHA pexumamu 8 peasbHOMy 4aci. Ha ocHo8i nopieHAAbHO20 aHAI3y 3 Memodamu Opy2020
nopsadKy (memod HetomoHa) ma K8aziHbtoMOoHi8CbKUMU anzopummamu (L-BFGS) ob6rpyHmosaHo rnepexid 0o
memoodis 8HyMpiWHbLOI MOYKU AK 2aay3e8020 cmaHOapmy 041 30004 3 0bMeIKeHHAMU. Ka4oea HOBU3HA
pobomu nonAzae 8 00CAIOHEHHI po3WUpPeHHA chepu 3aCMOoCcy8aHHS 2padieEHMHUX Memodie 8 epy wmyu-
HOo20 iHMmenekmy. ABmopu 0eMoHCMpPyomMb napaduemMmanbHull 3cy8: Xxapakmepucmukxu, wo byau obmexy-
8a/IbHUMU (hakmopamu 8 0emepMiHO8aHIl onmumizayii (WymHa mpaekmopia ma cnpouw,eHa 06pobka epa-
dieHma), mpaHcopMysanuca y eupiuianbHi nepesaau CMoxAcmMu4yHo20 epadieHmHozo cnycky (SGD).
JlosedeHo, w0 came ys cmoxacmuyHa npupoda 0ae 3moay ehekmusHo Hagyamu HelipoHHI mepexci 0411 3a-
0ay npoeHo3ye8aHHsA eeHepayii BAE ma ynpasniHHA Nonumom, nepemaeoptoroyu mpaduyiliHuli memoo Ha ¢y-
HOameHm cy4acHux Data-driven piweHs 8 eHepeemuuyi.

Knr4yosi cnosa: onmumizauyia eHepaocucmemu; onmumanbHuli po3nodin nomy¥Hocmi 8 3MiHHOMY cmpymi
(AC-OPF); memo0 Halikpymiuio2o crnycky, cmoxacmu4Huli 2padieHmHuli cnyck (SGD); nozaHo obymoesneHi 3a-
oayi; aHani3 36ixcHocmi.

MNepenik BUKOPUCTAHUX NO3HAY€Hb Ta CKOPOYEHb ELD — Economic Load Dispatch,

B/E — BigHOBAIOBaHI gyKepena eHeprii IPM — Interior Point Methods

KKT — ymosu Kapywa — KyHa — Takepa L-BFGS — Limited-memory BFGS

JIEN — niHia enekTponepegadvi ML — Machine Learning

MHL — meToa, HaMWBMALWIOTO CNy-CKY NLP — Nonlinear Programming,

AC-OPF — Optimal Power Flow 3miHHOro cTpymy SGD — Stochastic Gradient Descent

BFGS — Broyden—Fletcher—Goldfarb—Shanno SQP - Sequential Quadratic Programming

Bctyn. CyyacHi eHepreTuyHi CMCTeEMU € OAHUMM 3 HAMCKNA-  €KOHOMIYHOK epEeKTUBHICTIO, HAAIMHICTIO CMCTEMU Ta BU-
OHILINX iHXXEHEPHUX Ta KibepdisMYHNX CUCTEM, CTBOPEHUX  KAMKamMK aeKapboHisauii [1-3].
noAcTeoM. X PpyHKLIOHYBaHHA, BiA, LioCeKyHAHOro 6anaH-

3 eKOHOMIYHOro norasay HaeiTb He3HauyHe (Hanpuknag,
CyBaHHA reHepauii Ta NonnTy A0 AOBroCTPOKOBOro NAaHy-

" 0.1%) nokpaweHHA edeKTUBHOCTIi pobotn 06’egHaHOI
BaHHA PO3BUTKY, MPOHM3aHe PYHAAMEHTaNbHUMM ONTUMI- CHEPrOCHCTEMN TPAHC(OPMYETBCA B MINbHOHHI 3a0Lia-
33”-“""””""”. BUKAMKaMW.  HeoBXiaHicTb  onTUMISaUii B nyouna na sapTocti nanvea [4]. 3agaui, Taki AK eKOHOMI-
eHepreTULi ANKTYETbCA TPbOMa OCHOBHWUMM GaKTOPaMMU:  yyuii posnoain HasaHTaxeHHs (Economic Load Dispatch,
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ELD) Ta onTMManbHWUit NOTiK noTy»kHocTi (Optimal Power
Flow, OPF), 6e3nocepeaHbo MiHiMi3ylOTb 3arasbHi BU-
TpaTh Ha reHepadito [5].

3 nornaay HaAjiMHOCTI CMCTemMa NOBMHHA MpaLLoBaTN B Me-
YKaX YKOPCTKUX Pi3UYHMX OOMENKEHb: TENNO0BI 0OMEXKEHHSA
NiHIN enekTponepeaayi, Mexi Hanpyru y By3nax, pesepsu
reHepauii Ta obmexKeHHsa cTinkocTi. OnTUMisau,ia (3o0Kpema,
OPF) € iHCTPYMEHTOM, IKMI1 3HAX0AWUTb HalaelweBLWNn po-
604Unit peXknm, He NOPYLUYIOYM KOAHOTO 3 LMX OOMeXKeHb
6e3neku [6].

HapewrTi, iHTerpawia CTOXaCTUYHUX BiAHOBNOBAHUX AOrKe-
pen eHeprii (BAE), AK-OT BiTPOBI Ta COHAYHI CTaHLii, BHOCUTb
BMCOKWM CTyMNiHb HEBM3HAYeHOCTi. Lle BUMarae HoBUX onNTu-
Mi3aUiliHMX nigxoais, WO 34aTHIi onepyBaTM B yMOBaXx CTO-
XaCTWMKM, a TaKOXK ynpasnsaTv nonutom (Demand-Response)
Ta cucTemamu 36epiraHHs eHeprii [7]. OcobaunBoi BaxkANBO-
cTi HabyBaloTb 3a4a4i ONTUMI3aLii B cUTyalisx 3 obmexKe-
HUM JOCTYNMOM A0 LLeHTPaJi30BaHOro MocCTayaHHA eHeprii
Ta NepexoAoMm A0 po3noAifieHol reHepau,ii (yTBOpeHHs cuc-
TeMU MiKpomepeK, CNiIbHOro BUKOPUCTaHHSA 3acobis 36e-
piraHHs eHeprii, BU6OpYy TOYKM npueaHaHHA BAE ana
3MeHLWeHHA Tpadiky enekTpoeHeprii Ta ii BTpAT, NUTaHb
B3aemHOro obmiHy eHeprieto ToLL0).

Binbwictb uux npobnem (30kpema, AC-OPF — Optimal
Power Flow 3miHHOro ctpymy) matematuyHo ¢opmyto-
I0TbCA AK Be/IMKOMAcLITabHi, HeniHiNHI, He onyKai Ta cu-
NIbHO obmeXKeHi 3afayi HeniHiMHOro nporpamyBaHHA
(Nonlinear Programming, NLP). 3actocyBaHHA po3nogine-
Hoi reHepauii 3 BE notpebye BpaxyBaHHA MOAY/bHOI NO-
6ynoBM Ta nepexody 4O UinouncenbHUX 3agadv. Posmip-
HiCTb TAaKMX 33aZay ONA peanbHUX CUCTEM MOMKE cAraTu
0ecATKIB abo CoTeHb TUCAY 3MIHHMX Ta 0OMeXKeHb, a BU-
Mora g0 iX BMpilWeHHA B peasibHOMY Yaci (abo 61m3bkomy
[0 HbOT0) CTaBUTb XOPCTKi 0bMeXKeHHs Woao WeuaKkoaii
[0 obuncntoBanbHUX metosis [8].

MeTa po60TH — KinbKicHa OuiHKa 0bMeKeHb MeToAy HaW-
LWBMALIOrO CAYCKY NPW PO3B’A3aHHI KNAaCUYHUX 33434 eHe-
pretukn (ELD, AC-OPF) yepes npobsiemy BUCOKOI 06ymoB-
neHocti (K) Ta reTeporeHHOCTi eHeprocuctem, a TaKOX
NOPIBHANBHWUI aHanNi3 Moro epeKTUBHOCTI 3 Cy4acHUMU Mme-
ToAamMM onTuUMmisauii. BogHouac focnigKeHHA cnpamoBaHe
Ha NepeoCcMUCIEHHA POi MeToAy B Cy4acHUX yMOBax: Ae-
MOHCTpaLitlo Moro nepexoay Big TpaguuiMHOro iHCTpyme-
HTY fleTepMiHOBAHOI ONTMMI3aLLii 4,0 OCHOBM CTOXaCTUYHOIO
rpafieHTHOro cnycky (SGD), AKWUIA € KPUTUYHO BaKANBUM
A1 HAaBYaHHA HEMPOMEPEIK B eHepreTMYHMX 3aga4ax (npo-
rHo3yBaHHA BAE, nonuty)

Ons po3ymiHHA obmexkeHb meToay cneply HeobxiaHo ui-
TKO BCTAHOBWUTW MOro matemaTuyHi ocHosu. MHLL € meTo-
[0M 4517 BUPiLWEHHA 3343a4i 6e3ymosHoi onTumisalii.

MNocraHoBKa 3agaui 6e3ymoBHOI onTuMmisauii. PosriaHemo
33434y 3HaXOAKEHHS JIOKaZbHOro MiHiMymy  audepen-
uinoBHoi dyHKuii f(x) [5] (1):

(1)

ae f: Amax > R € rnagkoto dyHKuUi€to, npuHaiimHi knacy Ct
(To6TO Mae HenepepBHi NepLi YaCTKOBI NOXiAHi).

min f(x)

Knto4oBUMM iIHCTPYMEHTaMM aHanisy €:

1. TpapgieHT: BeKkTOp neplmx YactkoBux noxiaHux, Vf(x)€
R", AKMA BKasye B HanpaAMKy Haliweuowo2o 3poc-
maHHA QYHKL,T B TOUL X.

2. TeciaH: MaTtpuusa Apyrux 4yacTkoBux noxigHux, Vf(x)€

R™", aka onucye kpusu3sHy GYHKLIT B ToUL,i X.

HeobxigHoo yMOBOLO NepLioro NopaaKy Ans Toro, wob To-
YKa x* byna nokanbHUM miHimymom, € Vf(x*) = 0. Taki Toukn
Ha3uBatoTbCa cmauioHapHumu. MHLL, sk i 6inbwicTb itepa-
TUBHMX METOZiB, HAMAraeTbCsl 3HaUTU Came TaKy CTaLioHa-
PHY TOUKY.

lges MHLL nonsrae B Tomy, W06 Ha KOXHOMY Kpoli pyxa-
TUCA 3 NOTOYHOT TOUYKM Xk Y HANPAMKY Pk, AKUIM 3abe3nevye
Halibinbwe n0KanbHe 3MeHWeHHA 3Ha4YeHHA GyHKUT f.

[Ona dopmanizauii uboro posrnaHemo posknag GyHKLii fy
pag Telinopa nepworo NopsAAKy HaBKOMO ToYKM x [5] (2):

f+oap) = f()+ aVfx)Tp (2)

[e p — ue AeAKUI OaUHUYHMI Hanpamok (| [p| ]2 =
1), a a > 0 — mana AOBXUHA KPOKY (nepenbayaeTbcs HasB-
HiCTb OPTHOHOPMOBAHOIO 6asucy B 061acTi BUSHAYEHHS).
HeobxigHO 3HalTM TaKMI HaANPAMOK p, KUK MiHIMi3ye
3miHy f(x + ap) — f(x), Wo eKBiBaNneHTHO MiHiMi3aL,ii 40BYTKY
VA(x)'p.

OTKe, BMpilLyeTbCA 3aaa4a (3):

(3)

minVf(x)Tp 3aymosu |lpll,
P

3rigHo 3 HepisHicTio Kowi — Weapua (4):

VG pl < IVF GOl - lIpll; (4)

MiHimym (To6TO HalibiNbl HeraTMBHe 3Ha4YeHHA) Jocara-
€TbCA, KON P € KOJIIHEAPHMM i MPOTUIEKHO CMPAMOBAHUM
no Vfi(x). TobTo (5):

V)

P = vl (3)

Lleit HaNnpPAMOK p Ha3MBAETbCA HAMPAMKOM HaMLIBMALIONO
CnycKy. BiH NOKaNbHO rapaHTye HaNCTPIMKiLIe 3MEeHLeHHSA
LiNboBOT BYHKL.

ANnroputmiyHa CTPyKTypa. Ha oCHOBI LLbOro BUBEAEHHS iTe-

pauiiHuii npouec MHLLU 6yayeTbea B Takuii cnocib: ana 3a-
[aHOoi NoYaTKOBOT TOUKM Xo [5]:

Anroputm 1: MeToa Haliweuaworo cnycky (MHLL)

1. Anak=0,1,2, ...

2. Axwo Vfixk) = 0, To Cton

3. O6YMCANTM HAMPAMOK CNYCKy: pk = -Vf(xk)

4. 064nCcAnTM [OBKMHY KPOKY: o> 0 (3a Jonomoroto npo-
ueaypv NiHinHOro nouwyky)

5. OHOBUTU TOYUKY: Xk+1 = Xk + OkPk

6. KiHeup

ANTopuTM Ma€e ABi KAOYOBI 06UYMUC/OBAJIbHI KOMMOHEHTH
Ha KOXKHil iTepauii:

1. O6uMCNeHHA HanNPAMKY pk (BUMmarae obuncneHHn rpagi-
eHTa VF(xk)).
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2. Ob6uncneHHA JOBXKMHM KPOKY Ok (Npoueaypa, Bigoma sk
linesearch, abo ogHoBMMIipHa MiHimi3auis).

Came BUBIp Ok € KPUTUYHO BAXKAUBUM ANA ePeKTUBHOCTI
metoay.

TouHwui4 NiHiMHKMIA nowyK (Line Search). TeopeTnyHo onTu-
ManbHWUI Nigxia nonaraey Bubopi KPoKy ak, AKMIN MiHimi3ye
dyHKuUjo f B3a0BXK HanpsamKy pk [5] (6):

(6)

a, = argmin f(x; + aup) = argmin ¢(«)

Lle, no cyTi, ogHOBMMIipHA 3a4a4a onTMMmisauii. Ymosa on-
TMManbHocTi gna ok gae ¢'(ox) = 0. 3acTocoByOUN NaHLtO-
rose npasuao, otpumyemo (7):

@'(ag) = Vf(x, + op)” *pe = 0 (7)

Lle 03Hayag, Wo npy TOYHOMY NiHIMHOMY MOLUYKY HOBMWI rpa-
AieHT Vf{Xk+1) € OPTOroHaNIbHMM [0 NOMNEepPesHBbOro HANPAMKY
pk. OcKinbkm pk = -Vf(X)k, Le Takox o03HauaE, Wwo V{xi1) VFx)
= 0. MNocnigoBHI rpagi€eHT € OPTOrOHANBHUMM.

Came LA BNaCTUBICTb 3yMOBJ/IHOE XapaKTepHY «3ursaronogi-
6Hy» (zigzag) noseaiHky MHLU [8]. YaBiMo By3bKy, BUTAr-
HYTY «40ANHY» LinboBoi GyHKLUii. Ha «cxuni» gonnHm rpa-
OIEHT BKA3y€E NepeBaXkHO MOMepeKk A0AUHWU (B HanpAMKy
HaMKPYTILOro CXMAY), a He B34,0BXK Hei A0 MiHimymy. MHLL
3 TOYHMM MOLIYKOM POBUTb KPOK Pk i NepexoamnTb y TOUKY
Ha NPOTUNIEXKHOMY KCXMAI» B TOUL Xk+1, Aie HOBUIA rpagieHT
Vi(xk+1) € opToroHanbHUM A0 pk. OCKiNbKK pk ByB malixke
nepneHaAVKYNAApPHUM A0 ONTUMANbHOMO LWAAXY (B34,0BX
«AHa» AONMHM), HOBWI rpagieHT Vf(xk+1) byae maiixke B
npoTUNeXKHOMY Hanpamky Ao Vf(xk). Anroputm sgivicHioBa-
TMMe iTepaUliliHi nepexogun (3Mrsarom) mixk cxunamu go-
NIHW, pobiAYM AyKe MOBINbHWUMA MPOrpec y HanpamKy
CMPaBXKHbOro MiHiMyMy.

TaKnM YNHOM, KONTUMANBHICTLY» (TOYHWUI NOLLYK KPOKY) Ha
KOXHOMY KpOLii NpU3BOANTb [0 rNobanbHOi cybonTumanb-
HOI TpaekKTopii.

€AMHNI BUNAZOK, A€ TOYHMI NOLLYK € 0BYMCNIOBANbHO BU-
npasAaHNMm, — Lie A404ATHO BM3HAYeHa KBagpaTUUHa QyHK-
uia [9]. Y ubomy pasi ak mae 3amKHeHy dopmy (8):

_ v K VS kDl
Vi QVfpi

Oelfc=Qxk-b

HeTouHui niHiMHMI nowyk (Ymosu Bonbda). Y 3aranb-
HOMY BMMAAKY, ANA HeNiHiMHMX GYHKLUIA, 3HaX0AUTU TOY-
HUI MIHIMYM Ok € HEAOUINbHUM 3 ornagy Ha obuncnioBa-
NbHi BUTPATK (BUTPaTM pecypciB MOXKYTb NepeBuLLyBaTH
BapTicTb camoi iTepauii MHLL).

(8)

k

Ha npaktuui BUKOPUCTOBYIOTLCA NpoLEeaypy HETOUYHOTO Ni-
HIMHOrO MOLUYKY, AKi rapaHTYlOTb «A0CTaTHbO XOPOLUMI»
KpoK. CrtaHpgaptom pae-dbakto € Ymosu Bonbda (Wolfe
Conditions), Aki BumaraioTb, WO6 ok 3a40BONbHAB ABi
ymosu [10]:

Ymoea Apmixo (Armijo) (docmamHe 3meHweHHs) (9):

f&re + agpr) < fF&)+e100 V)T - pie (9)

fe c1€ (0, 1), Tunoso c1 = 10™. Lle rapaHTYE, L0 KPOK Ok He
«HAATO BENMKMIAY» | Aa€ peanibHe 3MEHLLEHHS QYHKLT.

Ymoea kpususHu (Curvature) (10):
ViGk + opi)” ok 2 V()T i

e c2 € (c1, 1), Tunoso c2=0.9.

(10)

ICHyBaHHA TaKoOro Ok, WO 3a40BO/bHAE 06UABI
YMOBMW, rapaHToBaHe ANA rNagkux GYHKUIN, 0bMeKeHnx
3HU3Y. BMKopucTaHHA ymoe Bonbda € KnovosBum ansa go-
BeAEHHA rnobanbHol 36iKHOCTI meToay.

TeopeTnuHi rapaHTii 36iKHOCTI. [no6anbHa 36iXKHICTb
MHLLU (To6TO 36iXHiCTb A0 CTaLiOHAPHOI TOYKM X* 3 Byab-
AKOI Xo) rapaHTYEeTbCA 3a A0CUTb M'AKUX YMOB. KNto4oBoto €
ymoBa L-rnagkocri.

O3Ha4yeHHA (L-enadkicms): OyHKLUiA f HA3MBAETLCA YMOBHO
L-rnagkoto, AKwWo ii rpagieHT Vf € JlinwnuesmMm 3 KOHCTaH-
Toto L> 0 [11], TobT0 (11):

IVf(x) = Vfll; < Llx—yll, Vx,y €R"

Akwo f € C?, Le eKkBiBaNEHTHO TOMY, L0 Haiibinblue BNacHe
3HaueHHa MecciaHaV>f(x) € obmexeHum L, To610 V2f(x)< LI.

(11)

Teopema 1 (36ixcHicmb 0na L-2nadKux ¢pyHKyiii) [12]:

AKwo f € L-2anadkoro ma obmexceHoro 3HU3y, mo MHLL 3 He-
MOoYHUM NMowyKoM (Wo 3a0080sb6HAE ymosu Bonabga) abo
3i cmanum Kpokom ok = 0€ (0, 2/L) 2apaHmye, wo limi 5o
| |Vf(xk)| ]2 =0.

LLAa Teopema nuLle KaxKe, L0 3pELUTOHO 3iliaemMoca 40 TOUKHM,
A€ rpajieHT gopisHioe Hynto. O4HAK, BOHA HIYOro He roso-
pUTb NPO Te, AK WBUOKO Lie CTaHeTbCA.

AHani3 wemnakocti 36ixKHOCTI. [11a aHani3y WBMAKOCTI Ham
noTpibHa CU/IbHIA YMOBa — CU/IbHA OMYKAICTb.

O3Ha4yeHHA (Mm-cunoHa onykaicme) [13]: ®yHKuUjs f Ha3uBa-
€TbCA M-CUAbHO onyKaoto (3 m > 0), Akwo (12):

fO) =)+ VI (v —x)
+2lly —xl} vxy err (12)
Akwo f € C?, ue eKBiBaEHTHO TOMY, L0 HallMeHLUe BAa-

CHe 3HayeHHA reciaHaV2f(x) e obmexxeHUM 3HM3y m, TO6TO
VZf(x) =m.

Teopema 2 (/liHiliHa 36ixcHICMb 048 CUALHO OMYKAUX
dyHkyili) [14]:

AKkwo f € L-enadkoro ma m-cusibHO onyknaot, mo MHLL 3
MOYHUM AiHilIHUM nowyKom abo 3 onmumanbHo eubpa-
HUM cmanum Kpokom 36izaemobca 00 €0UHO20 2106asb-
HO20 MiHimymy x* 3 niHiliHoto (abo eeomempuyHOIO) Weuo-
Kicmro (13, 14):

fla) 2 f&x) < (1 = OFf((xo) = f(x7)

e —x*115 < (1 = OFllxo —x*1I3

(13)
(14)

0e C > 0 — KoHcmaHma 36ixcHocmi.
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Ha nepuuii nornag «nidiiHa 36ixHicTb» BUrNaaae 3a40Bi-
NbHO. O4HAK iCHYE 3aN€XKHICTb Bif, 3HAa4YeHHA KOHCTaHTH C.
Ons kBagpatMuHoi GyHKLiT (15):

fx) =2xTQx — b™%,Q > 0, (15)

KOHCTaHTM L Ta m € NpocTo Halbinbwmm (Amax) Ta HalMeH-
WM (Amin) BAACHMMM 3HaYeHHAMM maTtpuui Q. Y ubomy
pasi MOXHa nokasaTy, wwo (16):

2
Amax—Ami

max mm) (f(XO) _ f(X*)) (16)
Cneumdika 36ixKHOCTi 32 yMOB noraHoi 06ymoBAeHOCTi: K
AIK Mipa «CKnagHocTi». BBeaemo KAOYOBMW MapameTp
6yab-AKOT ONTUMI3aLiiHOI 3a4a4i: uncno obymoBaeHOCTI K
(27).

flx) = F&) < (

Amax+Amin

_ “max(Q@)

= 17
Amin(Q) 7]

K=

m

K BUMIpIOE BifHOWEHHA HalbiNblLOi KPUBU3HU A0

HaliMeHLLOi; FeOMETPUYHO Lie Mipa TOro, HACKiNIbKK «BUTA-
THYTOIO» € LiNIbOBa PYHKL,A.

Mepenuuwemo BMpas Ana WBUAKOCTI 36iKHOCTi yepes k (18):

o) - £ < (S (£ - £x) (28)
MpoaHanizyemo popmyny (18):
Bunadok 1 (IdeansHulii): k = 1.

Lle o3Hauae L = m, Amax = Amin. eciaH Q = Al. PiBHi 3Ha4YeHHsA
bYHKUT f € iaeanbHUMM KOHUEHTPUYHUMKM Konamu (abo
coepamu B R").

dakTop 36ixHOCTI (19)

_1\2
(Q) 0
1+1
MeToz,36iraeTbcA 3a 0ANH KPOK 3 by Ab-AKOT MOYAaTKOBOI TO-
ykn. TpagieHT Vf(xo) = Qxo — b 3aBAN BKasye TOYHO Ha
ueHTp x* = Qlb.

(19)

Bunadok 2 (PeanicmuyHul, «no2aHo obymosneHuli»): k>> 1.

Lle o3Hauyae L >> m. PiBHi PpyHKLUIT f € AyKe BUTATHYTUMU eni-
ncamu (enincoigamm).

dakTop 36ixHOCTI (20):

(20)

K+1

. 1
Binbl TOYHO, BUKOPUCTOBYOUYMN HAaBAMKEHHA Py 1—x,

maemo (21):
k-1 2
et (21)
LBMAKicTb 36ixHOCTI (22):
2k
(1-3) (22)

Hanpuknag, Hexait k = 1000. ®akTop 36ixkHocTi =~ (1 —
0.002)%k =~ (0.998)%k ~ (0.996)2K. Lle osHauae, Wo Ha
KOKHil iTepauii nomunka f(xk) — f(x*) smeHwyeTbca nuwe
Ha 0.4 %.

o6 3meHWNTM nomuaky B 1000 pasis (To6To 0.996%<

. n(0.001) 69
0.001), notpi6Ho k n(0.996) —0.004

~ 1725 itepauiii.

AKwo k = 10 000, noTpibHO 6yae noHaa 17 000 iTepauiii.

Lle matemaTuyHe cnocTeperKeHHA € NPAMUM NOACHEHHAM,
yomy Ha cborogHi MHLL obmeKeHo npuaaTHU s peanb-
HUX eHeprocuctem. EHeprocucTema 3a CBOEK NPMPOAOHO €
reteporeHHot0. BoHa CKNafa€eTbCA 3 e1eMEHTIB 3 AyKe pi3-
HUMM QiI3UYHMMM BNACTUBOCTAMM, HANPUKNAL:

1. JliHii: marictpanbHa JIEM 750 KB mae ayKe HU3bKUI aKk-
TMBHMI onip (R << X), ToAi AK I0KanbHa po3noainbya ni-
HiAa 10 KB moxke matn R = X.

leHepaTopu: Kpusi BUTpaT C(P) MatoTb pi3HY KPUBU3HY
(apyry noxigny ai B aiP? + ...). basosa AEC mae maiixe
naocky Kpusy (ai = 0), Toai Ak nikoBa rasosa TypbiHa mae
AyXe KpyTy Kpmsy (ai>> 0). [ina sitpoBoi TypbiHWM Kpuea
NOTY}KHOCTi HaBNNKEHO OMUCYETLCA NOTICTUYHOIO KpU-
BOHO 3i 3MIHHOI KPUBU3HO, 3aN1€XKHOI0 Bif, LUBUAKOCTI
BITPY, @ 1719 COHAYHOT €NeKTPOCTaHLiT CTOXaCTUYHUI Xa-
pakTep reHepaLii 06yMOB/IOE KPUBY MOTYXKHOCTI, TEO-
PETUYHO PO3PUBHY B KOXKHIN TOUL,.

Lia ¢pizu4Ha eemepozeHHicme (pi3Hi macwuTabu imneaaHcis,
BUTPAT, YyTANBOCTEN) MaMEMAMUYHO TPAHCAIOETLCA B re-
ciaH uinboBoi dyHKLT (abo reciaH /larpaH:kiaHa B obmerKe-
HWX 3a4a4ax) 3 BE/IMKUM PO3KMAO0M BAACHUX 3HAYEHb. Amax
(wo BianoBiAaE «KOPCTKMM» 3B’A3KaM / OBMeEXeHHAM)
6yae BeNMKUM, a Amin (LLO BigNOBiAAE «M'AKMM» 3B’A3Kam)
6yae manum.

OTKe, byab-AKa peanicTMYHa BefMKoMaclwTabHa eHepro-
CMCTeMa rapaHTOBaAHO MOPOAKYE ONTUMI3aLiNHY 3a4auvy 3
[0BONi BEIMKUM Yncnom obymoBieHOCTi k. BignosigHo Ao
Teopemu 2, MHLL rapaHTOBaHO MaTMme HEMPUAHATHO No-
BiNIbHY 36iXKHiCTb Ha 6ydb-AKili peanbHili 3aga4i OPF un ELD.
Moro HeedeKTUBHICTb — Lie NpAMMIA HacNiaoK Gi3UKM eHep-
rocucTemu.

Tenep 3aCTOCYEMO OTPUMAHI TEOPETUYHI BUCHOBKM A0 A4BOX
KNIOYOBMX 33434 ONTMMI3aLLii B eHepreTuu,i: eKOHOMIYHOro
po3noAiny HaBaHTaxKeHHA (ELD) Ta onTMmanbHOro NoToKy
noTy»HocTi (OPF) [15].

Bunagok 1: EKOHOMiuHUMI po3noain HaBaHTaxKeHHA (ELD).

MocTaHoBKa 3aaaui. KnacuyHa ELD (6e3 empam) [16] (23):

min XN CiPg = Xy aiPG + biPgi+¢;  (23)
Gi
3a yMoBUM 6anaHcy noTy»KHocTi (24):
Z?:l PGi = PDemand (24)
Ta obMexKeHb reHepalii (25):
PRI < p., < POIN v, (25)

ELD 3 ypaxysaHHam empam (B-mampuuysa) [17]:

3afava yCKNaAHIOETbCA, OCKiNbKM BanaHc NOTY»HOCTI cTae
HeNiHinHUM (26):

§V=1 Pgi = Ppemanda + Pross(Pe) (26)
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[e BTpaTh B Mepei Ploss aNPOKCUMYIOTbCA KBaAPATUYHO
dopmoto (bopmyna KpoHa, B-matpuug) [17] (27):

Pposs(Pg) = XNy X3y PgiBijP; + 2iLy BijPsi + Boo)
(27)

LinboBa Ta HeniHilHo

nos’A3aHi.

byHKUiA obmexeHHA Tenep

Adanmauyia MHLLU dnas supiweHHsa ELD. MHLU — ue meTop,
6e3ymoBHOI onTumisauii. ELD — obmeskeHa 3agayva. LLLob
3actocyBat MHLL, obmexeHHs NOTpiOHO AKOCb Bpaxy-
BaTK. IcHye ABa nowunpeHux nigxoamn [18]:

1. Memod wmpagHux ¢pyHKYili: 3apa4a NnepeTBOPIOETbCA
Ha 6e3yMOBHY, A04atoun 06MeKEHHS A0 LinboBoi GyH-
KUiT K «WTpad» 3a ix nopyweHHn (28):

f(Ps) = XN, Ci(Pg) + u(E  Pei — Pp — Pross)® +

YiLivi - [max(0,Pg; — PH*)]? + XL, w; -

[max(0, Pz — pg))|", (28)

ae u>0—wTpadHuUii napameTp 3a NnopylueHHs 6anaHcy no-
TYXHOCTi; Vi, w> 0 — WTpadHi NnapameTpu 3a 0OMeKeEHHA

HepiBHOCTE; Pg;m, (’;‘i‘a"

— HWKHSA Ta BEPXHA MeXi reHepa-
uii; max(0,-) — 3abe3sneuye wWTpad TiAbKM NPU NOPYLIEHHI

obmekeHb. MMicna yboro o f (Ps) 3acTtocoByeTbea MHLL.

2. Memo0 npoeKuii epadieHma: uen MeTod, MOXKHa BUKO-

pucTaTi Ansa NPOCTUX «KOPOBKOBUX» 0BMENKEHb (P{;'i‘i",
P};’i‘ax). laea nonarae B Tomy, LWob 3pobuTn Kpok MHLL,
i AKLLO HOBA TOYKA Xk+1 BUXOLUTb 32 MEXKi, «CMPOEKTY-

BaTM» il Ha3az Ha gonyctumy obnacTb.

AHani3 epekmueHocmi MHLL dna ELD. Obuaga nigxoam €
BKpall HeedeKkTMBHUMM ans ELD.

Mpobnema 1 (Mo2aHa ob6ymosneHicms). HaBiTb y Halinpoc-
Tiwomy Bunaaky ELD 6e3 BTpaT reciaH LinboBOl PyHKLT
SCi(PciO € piaroHanbHo MaTtpuueto H = diag (2ay, ..., 2an).

. max(a;)
Yncno obymosneHocTi k = ———=. flKk 3a3Havanoca pa-

min(a;)’
Hille, y peanbHiin cuctemi 3 gewesummn 6asosumu (Manni
i) Ta «QOPOTMMU» MIKOBUMU (BENMKUI @j) reHepaTopamu,
K byae ayxke senmkum. MHLL aemoHcTpyBaTMMeE KNacuyHy

MOBi/IbHY, 3Ur3aronoAibHy NOBeAiHKY.

Konn mu gopaemo B-matpuuto, recian crae H = diag(2ai) +
2uB. Lle we 6inblwe noripwye cuTyaLito.

Mpobnema 2 (lNozipwieHHA obymoeneHocmi Yepe3 3acmo-
CYBAHHA wimpagHux pyHKYil). IHTerpauis metoay wrpad-
HUX QYHKLiIA KPUTUYHO 3HUMKYE 0BUNCNtOBaNbHY edeKTUB-
Hictb MHLU. OcKinbKn Ans TOYHOTO 3340BOJIEHHA
obmeKeHb 3afayi WTpadHMi NapameTp L NOBUHEH NpAMY-
BaTW [0 HECKiHYeHHOCTI (L—> D).

MoHa nokasaTu, o reciaH wrpadHoi epyHKLi f (Ps) cTae
BCe 6inbll NoraHo 06yMoBNEHMM, KOU L 3pOocTaEe. PaKTu-
YHO, K—> 00 KON - 0.

MHL, WwBKMAKICTb AKOr0 KPUTUYHO 3aNEXUTb Bif, K, CTa€E
NPaKTUYHO HEMPUAATHUM AN1A A0CATHEHHS 36iXKHOCTI came
TOAi, KON MU BUMAraemo Bif, HbOro TOYHOCTI.

Tox gnsa ELD MHLU € Bkpai HeedeKTUBHUM Migxoaom ans
«npoctoi» ELD, meTogum, Lo ABHO BPaxoByoTb 06MexeHHA
(HanpuKnaa, meToaM Ha OCHOBI BUPILLEHHA CUCTEMU YMOB
Kapywa — KyHa — Takkepa (KKT) abo cneujanisoBaHi me-
TOAM, LLO BPaXOBYHOTb CTPYKTYpPY 3aZadi), € Ha NOpsAAKK
epeKTUBHILMMU. ICHYIOTb AOCNIAKEHHSA, WO BUKOPUCTOBY-
toTb MHLL y noegHaHHi 3 MHOXHMKamu JlarpaHKa gna Bu-
PilUEHHA E€KOJIOFYHOro eKOHOMIYHOro po3nogainy, ane ue
BXe moamdikoBaHi, a He «uncTi» Bepcii meToay [19].

Bunagok 2: OnTumanbHuii noTik notyxHocti (OPF), ckna-
BHicTb 3agaui AC-OPF. Lle ocHoBHa 3aga4a onepawinHoro
ynpas/iHHA. 3agaya AC-OPF € BenvkomacwTtabHowo Heni-
HilHOO (Yepes PIBHAHHA MOTOKY MOTYXKHOCTI) Ta He OnyK-
noto (Mae 6arato nokanbHUX MiHimymis) [20].

dopmanbHo (cnpolueHo) (29):

min C;(Pg;
G'QGZ l( G])

V,0,P (29)

3a ymoBu (06MeKeHHA-PIBHOCTI — PIBHAHHA NOTOKY NOTYX-
HocTi) (30):

[na KoxHoro By3na i (30), 3a ymosu, ge
x = [Ps, Qq, V, 8] — BekTOp onTnmisaLii;

Mp, Mo — WTpadHi napameTpu 3a piBHAHHA BanaHCy NOTYX-
HOCTI;

vi™, v — wTpadHi napameTpu 3a obmexeHHs Pg;
wi%, wi% — wrpadHi napameTpn 3a obmexeHHaA Qg;
Ki'*, KiY" — WTpadHi napameTpu 3a 0BMeKEHHs Hanpyry;
Aij — WTpadHi napameTpu 3a 0OMeXKeHHA NiHi;
Ng — KinbKicTb reHepaTopis, N — KinbKicTb By3niB, L — MHoO-
YKUHa NiHin:
. N
min f(x) = Zi=60 Ci(PGL-) + Up Iiv=o[Pi(V; 0) — (P(;l- -
2
PDi)] + o XiolQi(V,0) — (Qi — Qp)]* +
N 2
Y5 vE* [max(0, Pg, — PI)|” +

Ng

vl ~[max(0, P —Pg )| + 5% wf

QEe)]’ + 21 wf
A
%

iy ek [max(0,5,(v,0) — 7)) (30)

2 +[max(0, Qq; —

~[max(o, Q(’;’;""—Qgi)]z +

i} " [max(0, [V;| = V)2 +

Ng

V-
i=0

Ki

[max(O, ymin — IViI)]2 +

Mpumitka: Yci wrpadHi napametpu W, v, w, K, A > 0 € goaa-
THMMU Ta 4OCUTb BEIMKUMU BennunHamm [21].

3a yMoBM (0BMeKeHHA-HepiBHOCTI):
e Mexi reHepauji: P(’,Ti”“ < Pg, < PG Qg:"" < Qg <

05
i
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e Mesi Hanpyru: VM < V| < vmex
e Tennosi obmexeHHa niniii: S;;(V, 8) < S/

3acmocysarHa MHLL do OPF. Npame 3actocyBaHHA MHLL
0o AC-OPF € HemoxnuBuM. Lie 3agaya 6e3ymoBHOI onTu-
Mi3auii, Togi Ak OPF BM3HAYa€eTbCA TUCAYAMM CKNAAHUX He-
NiHiIHMX 0BbMmerKeHb — piBHOCTEN Ta HepiBHOCTe.

Ak i y BunagKy 3 ELD, moxHa cnpobyBaTu «BbyayBaTU» BCi
Ui obmexeHHA B UiNbOBY OYHKUilO Yepe3 wTpadu Ta
6ap’epun. Lle npu3Bese A0 CTBOPEHHA BaraToBUMIpPHOI Li-
NboBOT OYHKUIi 3i CKNagHUM rpagieHTHUM penbedom, ui-
NboBOI PYHKLT, reciaH skoi byae HaZ3BMYaNHO NoraHo oby-
MoBAEHUM, pobasun MHLU HepouinbHUM.

IcTopnyHO, paHHi cnpobu BupiweHHs OPF (Hanpukna

«Reduced Gradient Method» KapnoHT'e) BMKOpUCTOBY-

Ba/IM rpafieHTHY iHbopmauito. Ane ui metoam 6ynmn Haba-
raTo CKNagHiwnmm, Hixk unctmini MHLL. BoHu BMKopUCTOBY-
Ba/N pPIBHAHHA MNOTOKY MOTYXXHOCTI ANA 3MeHWEeHHA
po3MipHOCTI 3a4aui (BMpaXkatoum 3a1eHi 3MiHHi Yepes He-
3a/IeXKHIi) | HAMaranucs «pyxaTmca» B3A0BXK MeH(i AONYCTU-
Moi 06.1aCTi, WO BU3HAUYaETbCA OOMEKEHHAMMU.

CyyacHuli nioxio. Cy4acHi, HaginHi Bupiwysadi AC-OPF Hi-
KOMU He BUKopuctoBytoTb MHLL. BoHu 6a3ytoTbca Ha MeTo-
AaX, Wo ABHO Ta epeKTUBHO 06pobnsAtoTb 06MEKEHHS, BU-
KopucToBytoun iHpopmauito apyroro nopagky (abo i
anpoKcMmaui):

1. MeToau BHyTpiWHbLOI ToukK (Interior Point Methods,
IPM). JomiHytounit nigxia. BoHW nepeTBoploloThb 3a-
b4y 3 HEPIBHOCTAMM HA NOCANIA0BHICTb 334324 3 pPiBHOC-
TAMM 33 gonomoroto b6ap'epHuUx dyHKUiNA. MOTiIM BOHM
3acTOCOBYHOTb Memo0 HetomoHa fo cuctemm ymos KKT
Ans uiei 6ap’epHoi 3agaui. BoHW npaLtotoTb 3 reciaHom
NarpaHxKiaHa i € Hag3BUYaHO ePpeKTUBHUMMN ANA BENU-
KOMACLITabHUX ONYKAUX Ta (4acTo) He ONyKAUX 3a4ad.

2. MocnifooBHe KBagpaTUYHe NporpamyBaHHsA (Sequential
Quadratic Programming, SQP). IHWWA NOTYXXHUI Me-
TOA, AKMI Ha KOXHIl iTepauii anpokcumye 3agavy OPF
Keadpamu4Horo 3afa4eto (aNPOKCMMYHOUM NarpaH:KiaH)
Ta BMPILLYE ii.

MeTog, 3MiHHMX HanNpPAMKIB MHOXHMKIB (Alternating

Direction Method of Multipliers, ADMM), wo HabyBae Bce

6inbLIOT NONYNAPHOCTI AN AeUeHTPani3oBaHOI onNTMMmi3a-

Lii, 30Kpema npu ynpasniHHI MiKpomeperkamm Ta po3nogi-

NieHoto reHepauieto 3 BAE. BiH aae 3mory po3butu cknagHy

BEe/IMKOMACIUTabHy 3ajadyy Ha /OKanbHi nig3agadi, ki

pO3B’A3YOTbCA NapanesbHo, WO ifAeanbHO BiANOBIAAE apXi-

TEKTYpPi Cy4aCHUX iHTEeNEKTYyaNlbHUX MepeXX.

Tab. 1 YiTKO NOKa3ye, WO A1 KOXCHOI 3 OCHOBHUX AeTep-
MiHOBaHMX ONTUMI3aLiMHMX 3ada4 B eHepretTuyi MHL €
abo HenpuaaTHMMm, abo BKpa HeedpeKTUBHUM BUOOPOM.

Ta6nuua 1. AHanis 3actocosHocti MHLL no 3apau B eHepreTuui

. Po3mip- MNpupaTtHicTb 5
3apaua Tun 3agaui HicTb O6mexKeHHs MHLL Yomy? (Knouosa npobaema)
ELD (6e3 BTpaT) | Onykna, CepegHa | 1 piBHicTb, N Hu3bKa MoBinbHa 36iXHICTb (K BU3Ha-
KBagpaTuyHa HepiBHOCTEN YaeTbCA pisHuLeto ai). NoTpe-
6ye wrpadis
ELD (3 B-mar- He onykna, CepepHAa | 1 HeniHiltHa piB- | Jy»Ke HU3bKa MoraHa obymoBneHicTb (K Be-
puueto) KBagpaTuuHa HicTb, N nuke). WrpadHi metoam pyii-
HepiBHOCTEN HYIOTb K
AC OPF He onykna, Bucoka CknagHi Heni- HenpuaatHuit MHLL — meTog, 6e3ymosHoi on-
NLP HiliHI piBHOCTI Ta TUMmi3auii. He morke 06pobutu
HepiBHOCTI obmesKeHHA
DC OPF Onykna, LP Bucoka NiHivHi piBHOCTI | HenpuaaTHuit Lle 3apaya niHiinHoro nporpa-
(niniiHe npo- / HepiBHOCTI MyBaHHA. MoTpibHi cumnnekc-
rpamyBaHHs) meTog abo IPM
OujHKa cTaHy HeniHiinHi MHK | Bucoka - Hun3bka 3a3BuWual BUPIWYETbCA AK He-
(State NiHinHI MHK (MeTopg HalimeH-
Estimation, SE) KX KBagpartis, MAyc — Hbto-
TOH), Wo HabaraTo weungle

ObmexeHa edekTnBHicTb MHLL moTuByBana po3pobky Ao-
CKOHaniwux anroputmie. o6 3po3ymiti, Yyomy BOHMU
KpaLyi, NpoaHanisyemo ix y nopisHAHHI 3 MHLL.

OcobaMBICTb «HANLIBMALIOrO» CAYCKY. AK ByN10 NpoaeMOH-
CTPOBAHO, Ha3Ba KHAMLIBMALWNNY € TAKO, LLLO HE MOBHOMO
Mipoto Bif0OpaXKae peasnbHi XapaKTepPUCTUKM 36iIKHOCTI:
MEeTOZ € HalWBMALWMM NULLE NIOKANbHO (TOBTO, 3 nornsaay

MUTTEBOT 3MiHM f), ane npr3BOANTL A0 OAHIEI 3 HANMNOBINb-
HIiLWMX rN0BaNbHUX TPAEKTOPIN 36iKHOCTI.

dyHaameHTanbHa npobnema MHLL nonsrae B cTporili no-
KasbHOCTI [5]: Ha KoKHOMY Kpoui k He BiAbyBaeTbCcA HaKo-
NMUYEHHSs iCTOpIii NnonepeaHix HaNPAMKIB Po, ..., Pk-1. BiH BU-
KOPUCTOBYE nule iHpopmauito nepworo nopaaky (Vfi) i
pobuTb ue HeedeKTUBHO, OCKINbKM HanpAMOK pk = -I-Vfi (ae
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| — oAnHMYHA maTpuLA) irtHopye Byab-aKy iHbopmalLito npo
KPUBM3HY 3ajadi.

MeTtoau apyroro nopaaky: Mertog HototoHa. Metog Hbto-
TOHa BMKOpUCTOBYE iHpOpMaLito Apyroro nopagKy (eciaH
(Vf2(x)) pns nobynosm NoBHOI KBagpaTUYHOT Mogeni GyHK-
uii B Touui xk i 3giicHioe iTepauiiHnii nepexia 6esnocepea-
HbO B MiHiMyM wjiei moaeni [22]. ITepauia meToay HbioToHa
(31):

Newton

Xpe1 = X + 0Py (31)

ne 0 < ak< 1— [0BXKUHA KPOKY;
Newton

P = —[V? fc )]V f ()

To6TO 3 ABHMM 3aNMCOM HanpAMKy (32):
= —[V2fx )]V () (32)

MHLU pobutb Kpok p, = —I - Vf;.. MeToa HbtoTOHa BUKO-
PUCTOBYE «igeanbHy» MeTpuky: p = —H 1Vf,. MHo-
)eHHA Ha H' (obepHeHuit reciaH) gie Ak nepemsopeHHs
npocmopy (maclwTabyBaHHA), AKe NepeTBOPHOE BUTATHYTI
«enincu» piBHiB f Ha igeanbHi «kona». Y ubomy TpaHchop-
MOBaHOMY NPOCTOPi HanpsMok —V f BKa3ye TOYHO Ha MiHi-
MyM.

Newton

Xp+1 = X + OpDi

Mepesaeu [23]:

e KeadpamuuHa 36ixHicTe  (||xge; — x*|l = C |lx; 2
x*||?). Ue o3Hauae, WO KiNbKIiCTb MpasusabHUX 3Hauy-
LWMX LMPP NOABOIETLCA Ha KOXKHIM iTepaLii. 36iKHiCTb
HaA3BMYAMHO WBMAKA.

AcgpiHHa iHeapiaHMHicmb, TO6TO MeToZL HeYyTAUBUIN [0

yncna obymoBneHocTi K. BiH 3Hallge miHiMym KBagpa:

TMYHOI dYHKLi 3 K = 1000 Tak camo wemnaKo (3a 1 Kpok),”

akignak=1.
Hedoniku (8 KOHMeKcmi eHepaemuy4Hux cucmem) [24]:

e MeTog HblOTOHA € HEMPAKTUYHUM AN BEMKOMACLLUTa-
6HMX 33434, Takux Ak OPF, y CBOEMY uncTomy BMrﬂﬂLI,i:.
Ob6umncnerHs reciana: V2 f(x) mae n? enemenTis. s
cuctemu 3 n =50 000 By3niB LLe HEMOXKANBO.
36epiraHHA reciaHa: MoTtpibHa nam’atb O(n?).
Po3B’A3aHHA cucTemu: Po3s’asaHHA Hp = -g Bumarae O(n3)
onepauiii (ana winbHoro H) abo O(n'?) — O(n?) (ana po3pi-
axeHoro H, ak y OPF). Lle Bce oaHO HaATO A0POro ANs Ko-
KHOI iTepauii.

«Po3ymHi» metoau nepworo nopaaky: Meroa cnpsxe-
HUX rpaaieHTiB (CG). MeToa CnpAXKeHUX rpagieHTiB
(ConjugateGradients, CG) — ue ¢ekTnBHa moandikaLis Bu-
pilleHHA nNpobaemu BiACYTHOCTI HAaKONMUYEHHA nepeaicTo-
pii Ta «3ur3arie» MHLL, ske He BUMarae reciaHa [25].

lgea nonarae B Tomy, Wo6 onTUMi3yBaTV BMBIp HanpAMKY
pk. Hanpsmok pkx byayeTtbea Ak AiHiMHa KoMbiHauia noTou-
HOro HeraTMBHOTO rpajieHTa Ta nonepeaHbOro HanpPAMKY
(33):

Prs1 = —V f(Xks1) + Brbr (33)

KoediuieHT B; (Hanpuknag, 3a dopmynoto dnetyepa —
PiB3a abo MMonaka— Pi6’epa) BMbMpaloTb TakK, LWO6

HanpAMKK py, 6ynn Q-cnpaxkeHUMHU (LNA KBaAPATUYHOI 3a-
navi f(x) = %xTQ x + ), 10670 p{ Qp; = 0 pnA i # j.

MNepesaru:

1. N-Kkpokosa 36ixtHicmb ana KBaApPaTUYHOI 3aaadi po3mi-
pHocTi n X n, CG 2apaHmMOB8AHO 3HAXOAUTb TOYHUIN Mi-

HIMYM 3a He binbwe Hixc n imepayid.

E¢pekmusHicmeo. BiH yHMKaEe «3ur3sarie» MHLL, ockinbku
HanPAMKM P BPaXoBYIOTb NepeaicTOpPito KPOKiB i 3anu-
LIAOTbCA CNPAXKEHUMMU.

Bapmicms, T06TO cknagHicTb iTepauii (O(n)) Ta nam’atb
(O(n)) — Taki cami, Ak y MHLL.

OTKe, ANA BeNMKOMaACLUTabHUX KBagpaTUYHMX 3aaad (abo
HeNiHiNHKUX, ae BiH 3aCTOCOBYETbCA iTepaTnBHO), CG y acix
BigHOWeHHAX nepesepye MHLL.

KsasiHbloToHiBCbKi meToan (BFGS / L-BFGS) HamaratoTbcs
[OCATTU WBMAKOI 36iKHOCTI HblOTOHA, HE YHUKaK4YM 3Hau-
HUX 06UYMCNIOBANIbHUX BUTPAT Ta 06epHEHHSs reciaHa [26].

laes nonarae B Tomy, Wo6 He obuucnosatn H; =
V2 f(x;). 3amicTb Lboro byaysaTti anpokcumauyito obepHe-
Horo reciaHa, By, = [V? f(x;)]™1, Ha koxHomy Kpoui.

ITepauin: X1 = X — aEpBrVfy.
OHOBNEHHSA: By, 1 OTpMMYIOTb 3 B}, 04aBaHHAM NOMNPaBKU
HWU3bKOTO PaHry, AKa BUMKOPUCTOBYE sauwe iHpopmauio 3
rpagieHTIB:

1.

2.

Sk = Xg+1 — Xk

Ve = Vw1 —Vfi
Br+1 = (dopmyna oHoBJieHHS BFGS, 1110 3aJIeXKUTh

Bif By, Sk, Vi)

HaltycniwHiwoto dopmynoto oHoBneHHA € BFGS (Bpoit-
AeH — dnetyep — FNonbadapb — WaHHo) [27].

MepeBaru (BFGS): CynepsiHiliHa 36iXHicTb (Malixke Taka
cama WwBKuAaKa, AK y HbtoToHa).

Mpobnema (BFGS): MoTpibHo 36epiraTv Ta OHOBNIOBATH
maTpuuo By, wo sumarae 0 (n?) nam'aTi. Lle 3HOBY He-
moxauso gna n =50 000.

PiweHHA: L-BFGS (Limited-memory BFGS)

Lle BucOKOedEKTUBHE aNIFOPUTMIYHE PillEHHA.

loesa TyT nonArae B Tomy, Wob He 36epiraTy NOBHY MaTPULLIO
By.. 36epiratv anwe m octaHHix nap sekTopis {s;, y;} (e m
mane, Hanpuknag, m = 10 abo m = 20).

Anroputm: Hanpsmok p, = —B,Vf, He obuncnioetbes
AB8HO. 3amicTb LbOro BiH 8i0MEOpPHEMbCA AUMHAMIYHO (B
npoueci 064YncaeHb) 3a LONOMOroH ABOMNPOXiLHOTO PeKy-
PCUBHOIO aNrOpUTMY, AKMIN BUKOPUCTOBYE NLLE Li M nap
BEKTOpIB.

Mepesaau (L-BFGS) [28]:

e 36i#Hicms: CynepniHiiHa (Xod i NOBiNbHILLA, HiXK Y NOB-
Horo BFGS, ane 3Ha4yHO nepeBULLYE LIBUAKICTb 30iXKHO-

cTi MHLL).
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o [lam’ams: Bumoru oo nam’sTi aiHiliHi: O(m - n).
e Ob64ucneHHs: BapTicTb iTepauii siHiliHa: O(m - n).

L-BFGS cTaB ae-dpaKTo cTaHAApTOM A/19 BEIMKOMacLWTabHol
6e3ymosHoOi HeniHiMHOI onTMMmisaLii B 6araTbox ranyssx.
Tabn. 2 Bi3yanisye aHanisa onTUMI3aLiMHMX anropuTMIB.
BoHa uiTko nokasye, yomy MHLL noctynaetbca B edhekTmB-
HocTi: CG nponoHye Ty camy sapmicms (O(n)), ane Haba-
raTo Kpauuy 36ixcHicms. L-BFGS nponoHye malixe Taky camy
HU3bKY (NiHiNHY) BapTicTb, ane malixce HblOTOHIBCbKY 36i>+<.-

HIiCTb i HU3bKY YYTAUBICTb A0 K.

Ta6nuua 2. NopiBHANbHMIA aHani3 36iXKHOCTI meToAiB

Weuna- IiafepTaIICTi? Bumorun | Yytam-
Mertog KicTb (qu:‘c- Ao nam'- |  BicTb
36iXHOCTI NeHHs) aTi BO K
Hanwsna- | NininHa Lye
Wi (nosi- BMCOKa
cnyck (SD) | nbHa) O(n) O(n)
CnpsaxeHi | Cynepni- CepegHa
rpafieHTn |HiHa (n-
(Cca) KpoKoBa
anA O(n) O(n)
KBagp.)
L-BFGS Cynepni- o( Hu3bka
(m=10) HillHa o(m - m
(wenaka) (m- ) - n)
MeTog, Ksagpa- BiacyTHA
HbloToHa |TW4Ha 3 2
(HaMwBsK- o) 0(n%)
Awa)

Takum ynHom, MHLU He mae NnpaKTUYHUX NepeBar y 3acTo-
CyBaHHi 0 AeTepMiHOBaHMX 3a4au.

TeopeTnyHe Ta NnpuKknagHe 3HayeHHA MHLLU. AHanis, npo-
BeAEeHWW y Ui poboTi, NpUBOANTL [0 OAHO3HAYHOO BUC-
HOBKY: AK OE€TePMIHOBAHWM IHCTPYMEHT ANA BUPILEHHA
K/TAaCUYHUX, BEZIMKOMACLUITabHUX, NoraHo 0obymoB/ieHUX 3a-
[ay onTuMmisaLii B eHepreTuui (Takux sk OPF, ELD, SE), me-
TOA, HAMLWBMALIONO CNYCKY € AeL0 0OMeKeHO NpuaaTHUM
LA Cy4acHUX 3a4a4 BUCOKOI PO3MIPHOCTi Ta MPaKTUYHO He-
npUaaTHUM.

Moro nosinbHa NiHiliHa 36iXKHICTb, AKa CYTTEBO MOFipLUYy-
€TbCA 3i 3pOCTaHHAM Yncna obymMoBAEHOCTI k, pobuTs oro
HEKOHKYPEHTOCMPOMOXKHUM NOPIBHAHO 3 MeToAamMM crps-
YKEeHUX rpagienTis, L-BFGS, i TUM binblue 3 MeTogamm BHYT-
PILWHBLOI TOYKK, AKI AOMIHYIOTb Y Cy4aCHUX NPOMMCIOBUX
Bupiwysayax OPF.

OpHak uiHHicTb MHLU cborogHi € neaaroriyHoto. Lle 6a3o-
BUI (apXeTUNHUIA) aNroOpUTM HeNiHiMHOT onTumisauii. Po3sy-
MiHHA 1Oro HeZONiKiB (KPUTUYHA 3aNEXKHICTb Bif, K, 3Ur3a-
ronoaibHa nosefiHka) € HeobxigHOW ymoBOWO A4A
PO3yMiHHSA, YoMy Bynun BUHaMAeHi i Yyomy Tak aobpe npa-
utotoTtb L-BFGS, CG Ta IPM.

KoHuentyanbHa TpaHcpopmauia rpagieHTHUX MeToaiB:
CTOXacTUYHUIA rpaAieHTHUI cnycK (SGD). 3 noaBolo HOBOT
napagurMmmn onTMmisauii, KepoBaHOi JaHMMWN — MALLMHHOIO
HaBuyaHHA (Machine Learning, ML) — MHLU Habys HoBOro
eTany akTyanisauii [29].

CyuyacHa eHepreTuka aefani 6inblie Nnoknagaetbca Ha ML
A5 BUPILWEHHS Hosux 3agav [30]:

MporHo3yBaHHA reHepaii BAE (BiTep, coHue).
MporHo3yBaHHA HaBaHTa)XeHHs (KOPOTKO- Ta A0BrocTpo-
KoBe).

HaBuyaHHA mogeneit nonuty (Demand Response).

OujiHKa cTaHy Ha ocHoBi PMU (Phasor Measurement Units).

MaTtemaTMyHO 6iNblWicTb 334ay HaBYaHHA (Hanpuknag,
TPeHYBaHHA HEMPOHHOI MepeKi) 3BoAATbCA A0 3a4aui MiHi-
Mi3auii emnipryHoro pusuky (34) [31]:

. _1¢on
;relﬁg%f(w) = NZi:l L(w,data;) (34)
Ae W — napametpu mogeni (saru mepexi), L — ¢dyHKuina

BTpaT, a N — Ki/IbKiCTb TOYOK AaHUX, AKA MOKe ByTU BeNn-
Yye3Hoto (MiNIbMOHKW abo minbsapan).

Mpob6nema B Tomy, o6 3p0bUTH 0anH Kpok MHLL, L-BFGS
abo HbloTOHa, MNOTPIOHO 0BYMCAUTM MNOBHUN TPALIEHT
Vf(w) (35) [32]:

Vf(w) = =3I,V L(w, data;) (35)

Le sumarae N obumcneHb, To6To «nepebopy» BCiei 6asun
baHux. Lle HaaTo goporo. PilweHHA B 3acTOCyBaHHI cToXac-
TUYHOTO rpagieHTHoro cnycky (SGD) [33], Ae Ha KoXKHOMY
Kpou,i k 3amicTb NOBHOrO rpaieHTa, Mn 6epemo nuiie ogHy
TOUKY (abO HEBENIMKMIA «NAKET») AaHMX i Ta POBUMO KPOK Y
HanpAMKYy ii rpagieHTa (cToxacTuyHoro rpagieHTa) (36):

Wiy = Wi — o Vy, L(wy, data;) (36)

Hanpsmok V., L(wy,data;) € «wymHoto», ane Hesmile-
Hoto (E[V,, L] = V f(w)) ouiHkoto nosHoro rpagieHTa. Mo
cyTi, SGD — ue MHLL 3 ay*Ke «lWwymMHUM» FpagieHTOM.

[nA HAOYHOrO Ta KiZIbKICHOTO NiATBepAXKEHHA aHANITUYHUX
BMCHOBKIB LL,040 BN/NBY reTepOreHHOCTi CUCTEMU Ha edek-
TUBHICTb ONTMMI3aLii, 6y/10 NpOBEAEHO YMCENIbHE MOAENIO-
BaHHA. K TeCTOBE CepeioBULLE BUKOPUCTAHO KNACUYHY 3a-
[avy MiHimi3auii goAaTHO BWM3HAYEHOI KBagpaTUYHOIN
dyHKUii Burnaay (15), wo Aae 3mory i30/1b0BaHO KepyBaTh
yncsom obyMoBAEHOCTI K Yepes BAACHi 3HAYEHHS MaTpuUL,i
lecce Q, imiTyr0uM pisHULIO MacluTabiB NapameTpiB peanb-
HUX eHeprocucTem.

Ona obuncneHHa Kpoky MHLU 3acTocoByBaBcA TOYHMUIA
NiHIMHMA NowyK 3rigHo 3 (8). 3 meToto 3abe3neyeHHnA ma-
TeMaTUYHOI CTPOrOCTi eKCNnepuMMeHTy Ta BiATBOPEHHA
Haliripworo cueHapito 36iXKHoCTi (3a HepiBHICTIO KaHTo-
poOBMYA), NOYATKOBA TOYKA Xo FreHepyBasacs 3 ypaxysaH-
HAM HanNpAMKiB rofoBHMX ocei enincoiaa. KomnaekcHi
pes3ynbTaTh NOPIBHANBHOIO MOAENOBAHHA HAaBeAEHO Ha

PUCYHKY.
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0 (a) laeansHa o6ymoBneHicTe (k = 1)

10(6) MomipHa reTeporeHHicTb (x = 10)

0 (B) CnbHa reTeporeHHicThb (x = 50)

0

1

1 %
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PucyHok. YucenbHe 0ocnioneHHs edpekmusHocmi MHLL Ha mecmosili keadpamuyHili 3a0ayi

EBotoLia TpaeKTopii 36ixkHOCTi 3a ymoB: (a) ineanbHOI 06y-
moBneHocTi, Kk = 1; (6) nomipHoi reteporeHHocTi, k = 10;
(B8) cunbHoI reteporeHHocTi, k = 50 (aemoHcTpauin 3ursa-
ronoaibHoi noseaiHku). Mpadik (r) intocTpye nosinbHy ni-
HiliHy 36iHicTb MHLL nopiBHAHO 3 N-KpOKOBOO 36iXkKHiCTIO
meToay cnpsrKeHux rpaaieHTis (CG). 3aneKHicTb (4) niaTse-
PAXYE TEOPETUYHI BUCHOBKM: Npu 3HaueHHax k > 103, xa-
paKTepHUX ANA eHeprocuctem, HeobxigHa KinbKicTb iTepa-
Li 3pOCTAE EKCMOHEHLiMHO, pobnsunm meton obuuchto-
Ba/IbHO HeeeKTUBHUM.

Ba»knnBo 3a3Ha4MTH, Wo xo4a SGD i knacnyHmn MHLL ma-
IOTb CMiJIbHE MaTeMaTUUYHe KOPiHHA (0BYMCNeHHs rpagie-
HTa), BOHW NPeACTaBAAOTb Pi3Hi Mapaanurmm onTumisadji.
SGD € epeKTUBHUM anropuTMOM ANA HaBYaHHA Hellpome-
pek He 3aBAAKM BNACTUBOCTAM K/1IACUYHOTO AeTepMiHOBa-
HOro CnycKy, a, imoBipHiwe, 3aBaAKK cneumdiyHUmM edek-
Tam CTOXaCTMYHOCTI. HanpAMOK CNyCKy, WO € «LIYMHOKO»
OL,iHKOIO MOBHOTO rPafi€HTa, Ai€ AK HeABHA perynapunsadis,
A0MNoMaratoumn mogeni yHMKaTM N0KaAbHUX MiHiMyMiB Ta Ci-
[OJI0BUX TOYOK. TaKMM UYMHOM, ChilbHA maTemaTuyHa 6asa
afanTtyBanaca nig, NpUHUMNOBO HOBI 0BYMCNIOBANbHI MOT-
pebu cyyacHux Data-driven pilleHb B eHepreTumui.

BucHoBKuU

MeToz, HalLLBMALLOrO CMYCKY € KNAaCMYHUM 6a30BUM anro-
PUTMOM, YMA PONb B ONTUMI3aLLii EHepPreTUYHUX CUCTEM Ka-
pAWHaNbHO 3MiHUANACA.

MeToz, HaMWBKUALIOrO CMYCKY, HE3BaXKatouM Ha CBOO dyH-
AaMeHTaNbHY TEOPETUYHY Ta NeSaroriyHy BaXKAMBICTb, Ae-
MOHCTPYE HU3bKY WBUAKICTb 30iXKHOCTI Ta 064YMCNIOBANBHY
HeedEeKTUBHICTb NPU 3aCTOCYBaHHI 40 peasibHUX, NMOraHo

06yMOBNEHMX ONTUMI3aLiiiHUX 3aaay4 B eHepreTuli. Moro
aHaNi3 € KPUTUYHO BAXKIMBMM HE Yepe3 MOro npame cy-
YacHe 3aCTOCYBaHHA, a AK BiANpaBHa TOYKA A41A PO3YMIHHA
HeobxigHoCTi Ta eBoAtoLUiT A0 6iNblI AOCKOHANMX MeToAiB
(HanpuKnag, cnpasKeHWX TPaAieHTIB, KBa3iHbIOTOHIBCbKMX
MEeTOZiB Ta METOAIB BHYTPILIHbLOT TOYKM), AKi CbOroAHI A0-
MIHYIOTb Y ranysi.

MeToga, HanWBMALWOro CNycKy, HE3BaXKakoun Ha CBOKO GyH-
JaMeHTaNbHy TeOpeTUYHY Ta NefarorivyHy BaX/MBIcTb, Ae-
MOHCTPYE CYTTEBI 0OMEKEHHA NPU 3aCTOCYBaHHI A0 peanb-
HUX noraHo o6ymMOBNEHWX ONTUMI3aLiiHMX 33aday B
eHepreTuu,i. 3rigHO 3 MaTeMaTUYHUM aHaNi30M Ta YnCesib-
HMM MOAENIOBAHHAM, LWBUAKICTb 30iXKHOCTIi METOAY 3HUKY-
€TbcA nponopuiiHo k2. [na Tunosmx 3agau AC-OPF, pae
Kk ~ 103 yepes pisHuL0 MaclTabiB imneaaHcis NiHil Ta
XapaKTEPUCTUK reHepauii, ue BMMArae Ha 2—3 nopAaKu
6inblwe iTepauin NOPIBHAHO 3 MeTOAAMM BHYTPILLHBOI TO-
ykuM (IPM) abo meTogamm cnpsaxKeHUX rpagieHTis.

TeopeTnyHe Ta NpuKnagHe 3HadeHHAa MHLL B eHepreTumu,i
NosiAra€ He B KOro NOTOYHOMY BMKOPWUCTAHHI, @ B TOMY, fIK
Moro obuncntoBanbHi 06MeXeHHA Ha peanbHUX 3agayax
CTUMYJIIOBA/IM PO3BUTOK anbTepPHATMBHUX niaxoais. lpo-
6nemu, aki MHLU He mir BupiwnTn (Hanpuknag, AC-OPF),
3MYCUAN AOCNIAHUKIB He CTiIbKM Nokpalysatn MHLL, cki-
JIbKM cripoluLyBaTh npobaemy, Wo, Hanpukaag, Np1MBeno Ao
LIMPOKOro PO3MOBCIOAMKEHHA NiHEAapM30BaHUX Moaenen
(Hanpuknag, DC-OPF (OptimalPowerFlow nocrTiliHoro
cTpymy)). Takum ymHom, MHLL — Le yacTKkoBo i NnosBa cnpo-
LWEHWX MoaeNen, AKi A,0Ci BUKOPUCTOBYHOTbCA, OCKIZIbKM MO-
BHOUiHHi 334a4i 6ynn Hepo3B A3HUMM ANA aNTOPUTMIB TOFO
Yacy.
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Mopsaka.

YacTMHy pocnigeHb BMKOHAHO aBTOpamm

C. B. boityeHkom i B. O. KopoByLKiHUM y MeKax HayKOBO-
A0CNiAHOrO NPOEKTY, WO GiHAHCYETHCA 33 PaxyHOK AepiKa-
BHOro 6toaKeTy YKpaiHu (3a Hakazom MiHicTepcTBa oCBiTH
i HayKK YKpainum Big 09.01.2026 Ne 23), a TaKoX iHiLiaTMB-
HUX HaYKOBUX TEMATUK Kadeapun aBToMaTU3aLii eneKkTpoTe-
XHIYHUX i mexaTpoHHMX Komnnekcis KMl im. Iropa Cikopcb-
Koro.
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phenomenon in detail: it shows that the physical heterogeneity  Ukraine, Kyiv, Ukraine

of power system components (different scales of line

impedances and generation characteristics) leads to a poor condition of the objective function Hessian. A
high condition number (k) causes a “zigzag” convergence trajectory, which makes the method unsuitable for
real-time operational control. Based on a comparative analysis with second-order methods (Newton's
method) and quasi-Newton algorithms (L-BFGS), the transition to interior point methods as an industry
standard for constrained problems is justified. The key novelty of the work lies in the study of the relevance
of gradient methods in modern computational paradigms in the era of artificial intelligence. The authors
demonstrate a paradigm shift: characteristics that were limiting factors in deterministic optimization (noisy
trajectory and simplified gradient processing) have been transformed into decisive advantages of stochastic
gradient descent (SGD). It has been proven that it is precisely this stochastic nature that allows neural
networks to be effectively trained for the tasks of forecasting RES generation and demand management,
transforming the traditional method into the foundation of modern data-driven solutions in the energy
sector.
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Gradient Descent (SGD); Ill-conditioned problems; Convergence analysis.
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AC-OPF — Alternating Current Optimal Power Flow ML — Machine Learning

BFGS — Broyden—Fletcher—Goldfarb—Shanno NLP — Nonlinear Programming

ELD — Economic Load Dispatch SD — Steepest Descent

IPM — Interior Point Methods SGD — Stochastic Gradient Descent
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Introduction. Modern energy systems are among the most  translates into millions in fuel cost savings [4]. Tasks such
complex engineering and cyber-physical systems ever cre- as Economic Load Dispatch (ELD) and Optimal Power Flow
ated by humankind. Their operation—from the second-by-  (OPF) directly minimize total generation costs [5].

second balancing of generation and demand to long-term
development planning—is permeated by fundamental op-
timization challe.nges. The need fgr optimization In the €N" mission lines, voltage limits at nodes, generation reserves,
ergy sector is driven by three main factors: economic effi- 54 stability constraints. Optimization (in particular, OPF) is
ciency, system reliability, and the challenges of 5 to0]that finds the cheapest operating mode without vio-
decarbonization [1-3]. lating any of these safety constraints [6].

From an economic standpoint, even a slight (e.g., 0.1%) im-  Finally, the integration of stochastic renewable energy
provement in the efficiency of the integrated power system  sources (RES), such as wind and solar power plants,

From a reliability perspective, the system must operate
within strict physical constraints: thermal limits of trans-
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introduces a high degree of uncertainty. This requires new
optimization approaches capable of operating under sto-
chastic conditions, as well as managing demand response
and energy storage systems [7]. Optimization problems be-
come particularly important in situations with limited ac-
cess to centralized energy supply and the transition to dis-
tributed generation (creation of microgrid systems, shared
use of energy storage facilities, selection of RES connection
points to reduce electricity traffic and losses, issues of mu-
tual energy exchange, etc.).

Mathematically, most of these problems (in particular, AC-
OPF—Alternating Current Optimal Power Flow) are formu-
lated as large-scale, nonlinear, non-convex, and strongly con-
strained nonlinear programming (NLP) problems. The appli-
cation of distributed generation from RES requires
consideration of modular structure and a transition to inte-
ger programming problems. The dimensionality of such
problems for real-world systems can reach tens or hundreds
of thousands of variables and constraints, and the require-
ment to solve them in real time (or close to it) imposes strict
performance constraints on computational methods [8].

The aim of this work is to quantitatively assess the limita-
tions of the steepest descent method in solving classical
power system optimization problems (ELD, AC-OPF) due to
the high conditionality (k) and heterogeneity of power sys-
tems, as well as to conduct a comparative analysis of its ef-
fectiveness against modern optimization methods. At the
same time, the study aims to rethink the role of the method
in modern conditions: demonstrating its transition from a
traditional tool for deterministic optimization to the basis
of stochastic gradient descent (SGD), which is critically im-
portant for training neural networks in power system prob-
lems (forecasting RES, demand).

To understand the limitations of the method, it is first nec-
essary to clearly establish its mathematical foundations. SD
is a method for solving the unconstrained optimization
problem.

Formulation of the unconstrained optimization problem.
Consider the problem of finding a local minimum of the dif-
ferentiable function f(x) [5](1): 3

(1)

where f: Amax = R is a smooth function of at least class C'
(i.e., it has continuous first-order partial derivatives).

min f(x)

The key tools of the analysis are:

1. Gradient: The vector of first partial derivatives, Vf(x)&
R", which points in the direction of the steepest rise of

the function at the point x.

Hessian: Matrix of second partial derivatives, Vf(x)€
R™", which describes the curvature of the function at a
point x.

A first-order necessary condition for a point x* to be a local
minimum is Vf(x*) = 0. Such points are called stationary
points. The Gradient Descent method, like most iterative
methods, attempts to find precisely such a stationary point.

The idea behind the SD is to move at each step from the
current point xx in the direction p«, which ensures the great-
est local decrease in the value of the function f.

To formalize this, let us consider the first-order Taylor se-
ries expansion of the function f around the point x [5] (2):

fx+ap) = f+ aVf®Tp (2)

where p — is a unit direction vector (| |[p||2=1), and a >0
— small step size (assuming the presence of an orthonor-
mal basis in the domain). We need to find a direction p that
minimizes the change f(x + ap) — f(x), which is equivalent
to minimizing the product V£(x)p.

So, the problem is solved (3):

minVf(x)Tp provided that ||pll, = 1 (3)
P

According to the Cauchy—Schwarz inequality (4):
IVFC) ol < IIVFGO - lIpll; (4)

The minimum (i.e., the most negative value) is achieved
when p is collinear with and opposite in direction to Vf(x).
That is, (5):
Vf(x)

IVF Ol
This direction p is called the direction of the steepest de-
scent. It locally guarantees the steepest decrease in the ob-
jective function.

(5)

Based on this conclusion, the iterative process of the gradi-
ent descent method is constructed as follows: for a given
initial point xo [5]:

Algorithm 1: The Steepest Descent Method (SD)

1. Fork=0,1,2,...
2. If Vfixk) = 0, then Stop
3. Calculate the descent direction: pk = - Vf(xk)

&

Calculate the step size: awx> 0 (using the linear search
procedure)

5.
6.

Update the point: xk+1 = Xk + axp«
End

The algorithm has two key computational components in
each iteration:

Calculating the direction pk (requires calculating the gradi-
ent Vf(xx)).

1. Calculation of the step size ax (a procedure known as
line search or one-dimensional minimization).

2. The choice of ax is critical to the method’s effectiveness.

Line Search. The theoretically optimal approach involves
selecting a step size ak, hat minimizes the function f along
the direction pk [5] (6):

(6)

This is, in essence, a one-dimensional optimization prob-
lem. The optimality condition for ¢« gives ¢'(ax) = 0. Apply-
ing the chain rule, we get (7):

@'(ag) = Vf(xe + oxp)” "o = 0 (7)

This means that in an exact linear search, the new gradient
Vf(xk+1) is orthogonal to the previous direction pk. Since pk
= -Vf(x)x, also implies that Vf{xk+1)"Vf(xk) = 0. Consecutive
gradients are orthogonal.

o, = argmin f(x, + a;p,) = argmin ¢ (a)
a>0 a>0
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It is precisely this property that determines the character-
istic “zigzag” behavior of the SD [8]. Let us imagine a nar-
row, elongated “valley” of the objective function. On the
“slope” of the valley, the gradient points predominantly
across the valley (in the direction of the steepest slope), ra-
ther than along it toward the minimum. The exact search
gradient descent takes a step and moves to a point on the
opposite “slope” at xk+1, where the new gradient Vf(xk+1)
is orthogonal to pk. Since pk was nearly perpendicular to the
optimal path (along the “bottom” of the valley), the new
gradient Vf(xi+1) will be nearly in the opposite direction to
Vf(x«). The algorithm will perform iterative transitions (zig-
zagging) between the valley slopes, making very slow pro-
gress toward the true minimum.

Thus, “optimality” (exact step search) at each step leads to
a globally suboptimal trajectory.

The only case where an exact search is computationally jus-
tified is a positive-definite quadratic function [9]. In this
case, ak has the closed-form expression (8):

_Vf oV kPk
Vi -QVfkpi

where Vfc = Qxk—b

(8)

(207

Inexact line search (Wolfe Conditions). In general, for non-
linear functions, finding the exact minimum o is imprac-
tical due to computational costs (resource costs may ex-
ceed the cost of the SD iteration itself).

In practice, inexact line search procedures are used, which
guarantee a “sufficiently good” step. The de facto standard
is the Wolfe Conditions, which require that ak satisfy two
conditions [10]:

The Armijo Condition (sufficient decrease) (9):
fGie + i) < fF)+eaV(x)T  pye (9)

where c1€ (0, 1), typically c1 = 10, This ensures that the
step size ax is not “too large” and results in a real decrease
in the function.

The curvature condition (10):
ViGxe + oepid” o 2 QVF(x)T i
where c; € (c1, 1), typically c2=0.9.

(10)

The existence of an ak, that satisfies both conditions is guar-
anteed for smooth functions that are bounded from below.
The use of Wolf’s conditions is key to proving the global
convergence of the method.

Theoretical convergence guarantees. The global conver-
gence of the SD (i.e., convergence to a stationary point x*
from any xo) s guaranteed under fairly mild conditions. The
L-smoothness condition is key.

Definition (L-smoothness): A function f is said to be condi-
tionally L-smooth if its gradient Vf is Lipschitz with a con-
stantL>0[11], i.e., (11):

IVf () =Vl < Llx=yll; Vxy €R" (11)

If f € C?, this is equivalent to the largest eigenvalue of the
Hessian Vf(x) being bounded by L, i.e. V?f(x)< LI.

Theorem 1 (Convergence for L-smooth functions) [12]: If f is
L-smooth and bounded below, then the SD with an inexact
search (satisfying Wolf’s conditions) or with a constant step
size ok = a€ (0, 2/L) guarantees that limk>w | | VF(xk)| |2=0.

This theorem states that we will eventually converge to a
point where the gradient is zero. However, it says nothing
about how quickly this will happen.

Analysis of the rate of convergence. To analyze the rate, we
need a stronger condition—strong convexity. Definition (m-
strong convexity) [13]: A function f is called m-strongly con-
vex (with m > 0) if (12):

fO) =)+ V)" (v — %)

+7lly—xl3 vxy eRr (12)
If f € C?, this is equivalent to the smallest eigenvalue of the
Hessian V2f(x) being bounded from below by m, V?f(x)
Zm.

Theorem 2 (Linear convergence for strongly convex func-
tions) [14]:

If fis L-smooth and m-strongly convex, then the SD with ex-
act linear search or with an optimally chosen constant step
converges to a unique global minimum x* at a linear (or ge-
ometric) rate (13, 14):

fla) = fFx) <@ = OFf((r) = FxD)  (13)

e —x* 113 < (1 = O)Fllxo — x*II3 (14)

where C>0 — is the convergence constant.

At first glance, “linear convergence” seems satisfactory.
However, there is a dependence on the value of the con-
stant C. For the quadratic function (15):

fx = %XTQX - bTx,Q > 0, (15)

the constants L and m are simply the largest (Amax) and
smallest (Amin) eigenvalues of the matrix Q. In this case, it
can be shown that (16):

fx) — fx*) < (M

Amax+Amin

)" (F(x0) = £(x)) (16)

The Specifics of Convergence Under llI-Conditioned Sce-
narios: k as a Measure of “Complexity”. Let us introduce a
key parameter of any optimization problem: the condition
number k (17).

_L_

m

Amax(Q)
Amin(Q)

(17)

k measures the ratio of the largest to the smallest curva-
ture; geometrically, it is a measure of how “stretched” the
objective function is.

Let us rewrite the expression for the convergence rate in
terms of k (18):

o) - £ < (57 (Flg) = £)) (28)
Let’s analyze formula (18):

Case 1 (ldeal): k = 1.
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This means L = m, Amax = Amin. The Hessian Q = Al. The level
sets of the function f are ideal concentric circles (or spheres
in R").
Convergence factor (19):
1-1\?
(%) =0
141
The method converges in one step from any initial point.

The gradient Vf(xo) = Qxo — b always points exactly to the
center x* = Q'b.

(19)

Case 2 (Realistic, «bad-conditioned»): k >> 1.

This implies L >> m. The levels of the function f are highly
elongated ellipses (ellipsoids).

Convergence factor (20):
K—1

K+1

= (20)
More precisely, using the approximation i ~ 1—x,we
obtain (21):

k-1

2
e (21)
The rate of convergence (22):
2k
(1-2) (22)

~
=~

For example, let k = 1000. The convergence factor
(1 — 0.002)%¢ =~ (0.998)% ~ (0.996)%. This means
that at each iteration, the error f(xx) — f(x*) decreases by
only 0.4%.

To reduce the error by a factor of 1000 (i.e. 0.996%< 0.001),

1n(0.001 6.9 ) .
n0.001) ~ 1725 iterations.
1n(0.996) ~0.004

we need k >

If k = 10 000, more than 17,000 iterations will be required.

This mathematical observation directly explains why, as of
today, the SD is of limited applicability to real power sys-
tems. A power system is heterogeneous by nature. It con-
sists of elements with very different physical properties, for
example:

1. Lines: a 750 kV transmission line has very low active
resistance (R << X), whereas a local 10 kV distribution
line may have R = X.

2. Generators: The power-cost curves C(P) have different

curvatures (second derivative ai in aiP? + ...).

A base-load nuclear power plant has an almost flat curve (ai
= 0), whereas a peaking gas turbine has a very steep curve
(ai >> 0). For a wind turbine, the power curve is approxi-
mately described by a logistic curve with variable curvature
depending on wind speed, while for a solar power plant,
the stochastic nature of generation results in a power curve
that is theoretically discontinuous at every point.

This physical heterogeneity (different scales of imped-
ances, losses, sensitivities) is mathematically reflected in
the Hessian of the objective function (or the Hessian of the
Lagrangian in constrained problems) with a wide spread of
eigenvalues. Amax (corresponding to “hard” constraints) will

be large, while Amin (corresponding to “soft” constraints)
will be small.

Thus, any realistic, large-scale power system is guaranteed
to generate an optimization problem with a fairly large con-
dition number k. According to Theorem 2, the SD is guaran-
teed to have unacceptably slow convergence on any real
OPF or ELD problem. Its inefficiency is a direct consequence
of the physics of the power system.

Now, let us apply the obtained theoretical conclusions to
two key optimization problems in power engineering: eco-
nomic load dispatch (ELD) and optimal power flow (OPF)
[15].

Case 1: Economic Load Dispatch (ELD).

Problem formulation. Classical ELD (lossless) [16] (23):

r}}g‘ YN CiPoi = LYy aiPg; + biPg; +c; (23)
subject to power balance (24):
X1 P6i = Ppemana (24)
and generation constraints (25):
PEIM < Py < PEM Vi (25)

ELD accounting for losses (B-matrix) [17]:

The problem becomes more complex because the power
balance becomes nonlinear (26):

Iiv=1 Pgi = Ppemana + Pross(Pg)
where the network losses Pross are approximated by a quad-
ratic form (Kron's formula, B-matrix) [17] (27):

Pposs(Pg) = XLy XYy PgiBijPs; + Xil1 BijPgi + Boo)
(27)

(26)

The objective function and constraints are now nonlinearly
related.

Adapting SD to solve ELD. SD — is an unconstrained optimi-
zation method. ELD — is a constrained problem. To apply
SD, the constraints must be accounted for in some way.
There are two common approaches [18]:

1. Penalty function method: the problem is transformed
into an unconstrained one by adding the constraints to
the objective function as a “penalty” for violating them

(28):

L1 Ci(Pg) + n(EiLy Py — Pp — Pross)* +

YN v - [max(0,Pg; — P2 + YNV w; -

f(PG) =

[max(0, Pz — pg)|", (28)

where u > 0 - is the penalty parameter for violating the
power balance; v;, wi> 0 — are penalty parameters for
inequality constraints; ngi“, G, - are the lower and
upper generation limits; max (0, -) - imposes a penalty
only when constraints are violated. After that, the SD is
applied to f(Pg).
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2. Gradient projection method can be used for simple
“box” constraints (Pg,", Pg,**). The idea is to take an SD
step, and if the new point xx+1 goes out of bounds, “pro-

ject” it back into the feasible region.

Analysis of SD efficiency for ELD. Both approaches are highly
inefficient for ELD.

Problem 1 (Bad Conditioning). Even in the simplest case of
lossless ELD, the Hessian of the objective function 3Ci(PciO

is a diagonal matrix H = diag (2ay, ..., 2an). The condition
_ max(ay)

number k . As noted earlier, in a real system with

min(a;)
cheap base (small ai) and “expensive” peak (large ai) gener-
ators, k will be very large. SD will exhibit classic slow, zigzag
behavior.

When we add the B-matrix, the Hessian becomes H =
diag(2ai) + 2uB. This further worsens the situation.

Problem 2 (Deterioration of condition number due to the
use of penalty functions). The integration of the penalty
function method critically reduces the computational effi-
ciency of the SD. Since, to precisely satisfy the constraints
of the problem, the penalty parameter pu must tend to in-
finity (u—>o°).

It can be shown that the Hessian of the penalty function
f(Pc) becomes increasingly ill-conditioned as p increases. In
fact, k>0 as p—>2.SD, whose speed critically depends on
K, becomes practically unusable for achieving convergence
precisely when we require it to be accurate.

Thus, for ELD, the SD is an extremely inefficient approach
for “simple” ELD; methods that explicitly account for con-
straints (e.g., methods based on solving the Karush-Kuhn-
Tucker (KKT) conditions or specialized methods that ac-
count for the structure of the problem) are orders of mag-
nitude more efficient. There are studies that use the SD in
combination with Lagrange multipliers to solve environ-
mental-economic allocation problems, but these are modi-
fied, rather than “pure,” versions of the method [19].

Case 2: Optimal Power Flow (OPF), the complexity of the
AC-OPF problem. This is the main operational control prob-
lem. The AC-OPF problem is large-scale, nonlinear (due to
the power flow equations), and non-convex (it has many lo-
cal minima) [20].

Formally (simplified) (29):

min
V,0,PG,Qc

2 Ci(Pg)) (29)

Subject to (constraints—equalities—power flow equations)
(30):

For each node i (30), subject to, where:

x = [Pg, Qg, V, 0] - is the optimization vector;

Mp, Hq- are penalty parameters for the power balance
equation;

vi®*, vi" - are penalty parameters for the Pg constraint;
wi®, wi% - are penalty parameters for the Qg constraint;

ki’*, kiV" - are penalty parameters for the voltage constraint;

Aij - are penalty parameters for the line constraints;

NG - number of generators, N - number of nodes, L - set of
lines:

min f (x) = £ C;(Ps) + pp Zio[P(V, 0) — (Pg, —
Po))’ + 1o TolQi(V,8) — (Qoi — Qp))I2 +
¥ v+ [max(0, Py, — PI9%)|” +
2 vE [max(0, P —Pg,)]” + 21, wf* [max(0, g, -
QEe )] + 216 0~ [max(0, Q" ~qg, )] +
D
A
i ey [max(0, S (v, 6) — spax)]?

i} " [max(0, [V;| — V)2 +

V_

K;

[max(0, vmin — V)] +

(30)

Note: All penalty parameters , v, w, kK, A > 0 are positive
and sufficiently large values [21].

Subject to the following constraints (inequalities):

e Generation constraints:

P(r;rilm S PGl S Pgilax; Qg‘;m S QGl S Qg;ax
Voltage constraints: V" < |V;| < Vme*
Line thermal constraints: S;;(V, 0) < S//**

Application of SD to OPF Direct application of SD to AC-OPF
is not possible. This is an unconstrained optimization prob-
lem, whereas OPF is defined by thousands of complex non-
linear constraints—equalities and inequalities.

As with ELD, one can attempt to “embed” all these con-
straints into the objective function via penalties and barri-
ers. This would result in a multidimensional objective func-
tion with a complex gradient landscape, an objective
function whose Hessian would be extremely ill-condi-
tioned, rendering the SD impractical.

Historically, early attempts to solve the OPF (e.g., Carpen-
tier's “Reduced Gradient Method”) utilized gradient infor-
mation. However, these methods were far more complex
than pure SD. They used power flow equations to reduce
the dimensionality of the problem (expressing dependent
variables in terms of independent ones) and attempted to
“move” along the boundary of the feasible region defined
by the constraints.

Modern approach. Modern, reliable AC-OPF solvers never
use the SD. They are based on methods that explicitly and
efficiently handle constraints using second-order infor-
mation (or its approximation):

1. Interior Point Methods (IPM): The dominant approach.
They transform the inequality problem into a sequence
of equality problems using barrier functions. They then
apply the Newton method to the KKT conditions for this

barrier problem. They work with the Lagrangian Hessian
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and are extremely efficient for large-scale convex and
(often) non-convex problems.

Sequential Quadratic Programming (SQP): Another
powerful method that, at each iteration, approximates
the OPF problem with a quadratic problem (by approxi-
mating the Lagrangian) and solves it.

3. The Alternating Direction Method of Multipliers
(ADMM), which is gaining increasing popularity for de-

centralized optimization, particularly in the manage-

ment of microgrids and distributed generation from
RES. It allows a complex large-scale problem to be
broken down into local subproblems that are solved in
parallel, which perfectly matches the architecture of
modern smart grids.

Table 1 clearly shows that for each of the main deter-
ministic optimization problems in the power sector, the
ADMM is either unsuitable or an extremely inefficient
choice.

Table 1. Applicability of SGD to tasks in the energy sector analysis

Dimen- . Applicability .
Task Problem Type sionality Constraints of SD Key issue
ELD Convex, Medium | 1 equality, Low Slow convergence (k) is defined by
(lossless) quadratic N inequalities the difference in
ai). Requires penalties
ELD (with Non-convex, Medium | 1 nonlinear equa- Very low Ill-conditioning (large k). Penalty
B-matrix) quadratic lity, N inequalities methods destroy k
AC OPF Non-convex, High Complex nonlinear | Inapplicable | SD is an unconstrained optimization
NLP equalities and method. Cannot handle constraints
inequalities
DC OPF Convex, LP High Linear equalities/ Inapplicable | A Linear Programming problem. Re-
inequalities quires Simplex or IPM
State Esti- | Nonlinear High - Low Usually solved via nonlinear least
mation (SE) | Least Squares squares (Gauss-Newton), which is
much faster

The limited effectiveness of the SD motivated the develop-
ment of more sophisticated algorithms. To understand why
they are better, let’s analyze them in comparison with the SD.

A peculiarity of the “fastest” descent. As has been demon-
strated, the name “fastest” does not fully reflect the actual
convergence characteristics: the method is fastest only lo-
cally (i.e., in terms of the instantaneous change in f), but
leads to one of the slowest global convergence trajectories.

The fundamental problem of the SD lies in its strict locality
[5]: at each step k, there is no accumulation of the history
of previous directions po, ..., pk-1. it uses only first-order in-
formation (Vf«) and does so inefficiently, since the direction
pk = -1-Vfx (where | is the identity matrix) ignores any infor-
mation about the curvature of the problem.

Second-order methods: Newton’s method. Newton’s
method uses second-order information (the Hessian
(Vf2(x)) to construct a complete quadratic model of the
function at point xk and performs an iterative transition di-
rectly to the minimum of this model [22]. Iteration of New-
ton’s method (31)):

— Newton
Xp+1 = X + apDg

where 0 < ok < 1 — step size; peW™on

—[V2 Fe)] 7V ()

That is, with the explicit expression for the gradient (32):

= [V feI 'V () (32)

(31)

Newton

Xg+1 = X + APy

The SD takes a steppy, = —I - Vfi. The Newton method
uses an “ideal” metric: p, = —H™!Vf;,. Multiplication by
H? (the inverse Hessian) acts as a space transformation
(scaling) that transforms the elongated “ellipses” of the f
levels into ideal “circles.” In this transformed space, the di-
rection -Vf points exactly to the minimum.

Advantages [23]:

e Quadratic convergence  (|lxx.1— x*|l = C|lx, —
x*||?). This means that the number of correct
significant digits doubles at each iteration. Convergence

is extremely fast.

Affine invariance, i.e., the method is insensitive to the
condition number k. It will find the minimum of a
quadratic function with k = 1000 just as quickly (in 1
step) as fork = 1.

Disadvantages (in the context of power systems) [24]:

Newton’s method is impractical for large-scale problems,
such as OPF, in its pure form:

e Computing the Hessian: V2 f(x) has n? elements. For a

system with n = 50,000 nodes, this is impossible.
Storing the Hessian: Requires O(n?).

Solving the system: Solving Hp = -g requires O(n)
operations (for a dense H) or O(n'*) — O(n?) ( (for a
sparse H, as in OPF). This is still too expensive for each
iteration.
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“Smart” first-order methods. Conjugate Gradients (CG).
The Conjugate Gradients (CG) method is an effective modi-
fication to address the lack of history accumulation and the
“zigzags” of the SD, which does not require the Hessian
[25].

The idea is to optimize the choice of direction pk. The direc-
tion pk is constructed as a linear combination of the current
negative gradient and the previous direction (33):

Pr+1 = —V f(Xks1) + Bibx

The coefficient By (e.g., according to the Fletcher—Reeves
or Polak—Ribier formula) is chosen such that the directions
pr are Q-conjugate (for a quadratic problemf(x) =

ixTQx + ), i.e.p{Qp; = Ofori # j.

(33)

Advantages:

1. N-step convergence for an n X n quadratic
problem, CG is guaranteed to find the exact
minimum in no more than n iterations.

2. Efficiency as it avoids the “zigzags” of the SD, since the
directions py, take into account the history of steps and
remain conjugate.

3. Cost, i.e., the complexity of the iteration (O(n)) and
memory (O(n)), is the same as that of the SD.

Thus, for large-scale quadratic problems (or nonlinear ones,
where it is applied iteratively), CG outperforms the SD in
every respect.

Quasi-Newton methods (BFGS / L-BFGS) aim to achieve the
fast convergence of Newton’s method without incurring
significant computational costs or performing Hessian in-
versions [26].

The idea is to avoid computing H; = V2 f(x,). Instead,
construct an approximation of the inverse Hessian, B, =
[V2 f(x,)]71, at each step.

e lteration: xp 1 = X — QB Vfy.-

e Update: By, is obtained from By, by adding a low-rank
correction that uses only information from the gradi-
ents:

Losp = Xpy1 — X
2. Yk = Vi1 — Vi
3. Byy1 =
(BFGS update formula, which depends

on Bk' Sk! Yk)

The most successful update formula is BFGS (Broyden—
Fletcher—Goldfarb—Shanno) [27].

e Advantages (BFGS): Superlinear convergence (almost
as fast as Newton’s method).

e  Problem (BFGS): Itis necessary to store and update the
matrix By, which requires 0(n?) memory. This is again
impossible for n=50,000.

e Solution: L-BFGS (Limited-memory BFGS)

This is a highly efficient algorithmic solution. The idea here
is not to store the full matrix Bj. Store only the m most

recent pairs of vectors {s;, y;} (where mis small, e.g., m=10
or m=20).

Algorithm: The gradient p, = —B;Vf; is not computed
explicitly. Instead, it is reconstructed dynamically (during
computation) using a two-pass recursive algorithm that
uses only these m pairs of vectors.

Advantages (L-BFGS) [28]:

e Convergence: Superlinear (though slower than full
BFGS, it significantly exceeds the convergence rate of
SD).

e Memory: Memory requirements are linear: O(m- n).

e Computational Cost: The cost per iteration is linear:
O(m- n).

L-BFGS has become the de facto standard for large-scale
unconstrained nonlinear optimization in many fields.
Table 2 visualizes the analysis of optimization algorithms. It
clearly shows why SD is less efficient: CG offers the same
cost (O(n)), but much better convergence. L-BFGS offers
nearly the same low (linear) cost, but near-Newtonian
convergence and low sensitivity to k.

Table 2. Comparative analysis of method convergence

Iteration Sensi-
Conver- Memoryre-| 7. .
Method cost (Com- . tivity
gence rate putational) quirements | " '
Steepest Linear Very
Descent (slow) O(n) O(n) high
(SD)
Conjugate |Superlinear Moder-
Gradients (n-step for O(n) O(n) ate
(CGQ) guadratic)
L-BFGS Superlinear . . Low
(m=10) | (fast) O(m-n) | O(m-n)
Newton's Quadratic 3 2 None
Method (fastest) 0(n*) 0%)

Thus, the SD offers no practical advantages when applied
to deterministic problems.

Theoretical and applied significance of the SD. The analysis
conducted in this paper leads to an unambiguous conclu-
sion: as a deterministic tool for solving classical, large-scale,
ill-posed optimization problems in power engineering (such
as OPF, ELD, SE), the steepest descent method is of some-
what limited applicability to modern high-dimensional
problems and is practically unsuitable.

Its slow linear convergence, which deteriorates significantly
with increasing condition number k, makes it uncompeti-
tive, compared to conjugate gradient methods, L-BFGS, and
even more so, compared to interior-point methods, which
dominate modern industrial OPF solvers.

However, the value of the SD today is pedagogical. It is a
basic (archetypal) algorithm for nonlinear optimization. Un-
derstanding its shortcomings (critical dependence on K, zig-
zag behavior) is a prerequisite for understanding why L-
BFGS, CG, and IPM were invented and why they work so
well.
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Conceptual transformation of gradient methods: Stochastic
Gradient Descent (SGD). With the emergence of a new
data-driven optimization paradigm—machine learning
(ML)—SGD has entered a new phase of relevance [29].

The modern energy sector is increasingly relying on ML to
address new challenges [30]:

e Forecasting renewable energy generation (wind, solar).

e Load forecasting (short- and long-term).

e Training demand response models.

e Condition assessment based on PMUs (Phasor Meas-
urement Units).

Mathematically, most learning tasks (e.g., training a neural
network) boil down to the problem of minimizing empirical
risk (34) [31]:

. 1
min f(w) = L 3L, L(w, data;) (34)
where w represents the model parameters (net-
work weights), L is the loss function, and N is the number
of data points, which can be enormous (millions or billions).

The problem is that to take a single step in SD, L-BFGS, or
Newton, one must compute the full gradient Vf(w) (35)
[32]:
1
Vf(w) = 5 N VwL(w,data;) (35)

This requires N computations, i.e., a “scan” of the entire da-
tabase. This is too expensive. The solution lies in the

(a) Perfect conditioning (x = 1)

application of Stochastic Gradient Descent (SGD) [33],
where at each step k, instead of the full gradient, we take
only one data point (or a small “batch”) i and take a step in
the direction of its gradient (stochastic gradient) (36):

Wi = Wi — o Vy L(wy, data;) (36)

The term V,, L(wy,data;) is a “noisy” but unbiased
(E[V,, L] = V f(w)) estimate of the total gradient. Essen-
tially, SGD is the SD method with a very “noisy” gradient.

To provide a visual and quantitative confirmation of the an-
alytical conclusions regarding the impact of system hetero-
geneity on optimization efficiency, numerical simulations
were performed. The classical problem of minimizing a pos-
itive-definite quadratic function of the form (15) was used
as a test environment, which allows for isolated control of
the condition number « via the eigenvalues of the Hessian
matrix Q, simulating the difference in parameter scales of
real power systems.

To calculate the SD step size, an exact linear search was ap-
plied according to (8). To ensure the mathematical rigor of
the experiment and to reproduce the worst-case conver-
gence scenario (according to the Kantorovich inequality),
the initial point xo was generated taking into account the
directions of the principal axes of the ellipsoid. The com-
prehensive results of the comparative modelling are pre-
sented in Figure.

o (b) Moderate hete.”, .7

. (c) Strong heterogeneity (x = 50)

-10 5 0 5 10 "o 5

(d) Error dynamics f(x,} - f(x)

(e) Effect of system heterogeneity

Steepest Descent | |
- —.CG

100k

ook

Error (log scale)

102}

0k 4

02k 4

Number of iterations to convergence

I I
0 5 10 15 20 25 30 35 40 45 50
Iteration number, k

10! 10%
Condition number ()

Figure. Numerical study of the effectiveness of the SD on a test quadratic problem

Evolution of the convergence trajectory under the follow-
ing conditions: (a) ideal regularity, k=1; (b) moderate heter-
ogeneity, k=10; (c) strong heterogeneity, k=50 (demon-
strating zigzag behavior). Graph (d) illustrates the slow

linear convergence of the SD method compared to the N-
step convergence of the conjugate gradient (CG) method.
The dependence (e) confirms the theoretical conclusions:
for values of k > 103, typical for power systems, the required
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number of iterations grows exponentially, making the
method computationally inefficient.

It is important to note that although SGD and classical gra-
dient descent share a common mathematical foundation
(gradient calculation), they represent different optimiza-
tion paradigms. SGD is an effective algorithm for training
neural networks not because of the properties of classical
deterministic descent, but rather due to specific effects of
stochasticity. The descent direction, which is a “noisy” esti-
mate of the full gradient, acts as implicit regularization,
helping the model avoid local minima and saddle points.
Thus, the common mathematical foundation has been
adapted to the fundamentally new computational needs of
modern data-driven solutions in the energy sector.

Conclusions. The steepest descent method is a classic basic
algorithm whose role in the optimization of power systems
has changed dramatically.

Despite its fundamental theoretical and pedagogical im-
portance, the steepest descent method exhibits slow con-
vergence rates and computational inefficiency when ap-
plied to real-world, ill-posed optimization problems in the
power industry. Its analysis is critically important not be-
cause of its direct modern application, but as a starting
point for understanding the necessity and evolution toward
more sophisticated methods (such as conjugate gradient,
quasi-Newton, and interior-point methods) that dominate
the field today.

The steepest descent method, despite its fundamental the-
oretical and pedagogical importance, exhibits significant
limitations when applied to real-world, ill-posed optimiza-
tion problems in power systems. According to mathemati-
cal analysis and numerical simulations, the convergence
rate of the method decreases proportionally to k*2. For
typical AC-OPF problems, where k =~ 10® due to the differ-
ence in scales between line impedances and generation
characteristics, this requires 2—3 orders of magnitude more
iterations compared to interior-point methods (IPM) or
conjugate gradient methods.

The theoretical and practical significance of the SD in power
engineering lies not in its current use, but in how its com-
putational limitations on real-world problems have stimu-
lated the development of alternative approaches. Prob-
lems that the SD could not solve (e.g., AC-OPF) forced
researchers not so much to improve the SD as to simplify
the problem, which, for example, led to the widespread use
of linearized models (e.g., DC-OPF (Direct Current Optimal
Power Flow)). Thus, the theoretical and practical signifi-
cance of the SD lies in part in the emergence of simplified
models that are still in use today, since the full-scale prob-
lems were unsolvable for the algorithms of that time.
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